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Abstract

In this paperwe consideitheenumeratiomf context-freelanguagesin particular for ary
reasonablelescriptionatompleity measurdor context-freegrammarsye demonstratéhat
the exactquantityof contect-freelanguage®f sizen is uncomputableNeverthelessye are
ableto give upperandlower boundson thenumberof suchlanguagesWe alsogeneralizeour
resultsto enumeratgredicateshatarerecursvely enumerabl®r co-recursiely enumerable.

1 Intr oduction

Enumerationis the studyof the numberof distinct objectsfrom aninfinite setthatare of afixed,
finite size. Enumeratiorhasa long history of interactionwith formal languageheory datingto
the 1950s,whereresearchersere primarily interestedn the enumeratiorof deterministicfinite
automata DFAs). We referthe readerto Domaratzkiet al. [2] for a bibliographyof researcton
enumeratiorof finite automata. Recently enumeratiorof other objectsthat characterizeregu-
lar languages—particatly non-deterministidinite automatgNFAS) [2] andregularexpressions
[12]—hasalsobeenexamined.Theseproblemsareoftencomplicatedby thefactthatit is difficult
to enumeratéhe numberof NFAs, DFAs andregularexpressionshatgeneratalistinctlanguages.
Experimentalesultscanalsobe obtainedby exhaustvely computingthe numberof objectsgen-
eratingdistinctregularlanguagesHowever, we notethatin eachof thesecasesthe equvalence
of two objects(DFAs, NFAs or regularexpressionsjs computableabasicnecessityn algorithms
for explicitly computingthesequantities.

In this paper we examinethe problemof enumeratingcontet-free languagegCFLS). It is
well known thatgiventwo contet-freegrammargCFGs),it is undecidablavhetherthey generate
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the samelanguageThis eliminatesthe naturalmethodfor computingexperimentakresultsfor the

numberof CFLsof a givensize.However, it doesnotimmediatelyprecludethatenumeratinghe

numberof CFLsof sizen is computablegivenn. To our knowledge,despitethe simplicity of this

problem,it hasnot beenstudiedbefore. We note,however, that several authorshave considered
theunrelatedproblemof, for afixed CFG G, enumeratindexactly or approximatelythe number
of, or listing the, words of lengthn generatedy G. For example,seeDomési [4], Bertoni et

al. [1], Goreetal. [6] andMartinez[13].

We shaw that the enumeratiorof CFLs is uncomputablen general. Thus, it is impossible
to computethe exact valuesalgorithmically However, we also give asymptoticbhoundson the
numberof CFLsof sizen. We examinethis problemwith respecto differentnotionsof the size
of a CFG,includingnumberof symbolsandnumberof variablesin CNF.

2 Preliminary Definitions

Let 3 beafinite setof symbols,calledletters. ThenX:* is the setof all finite sequencesf letters
from X, which arecalledwords Theemptyword ¢ is the emptysequencef letters. Thelength
of awordw = wyws---w, € ¥*, wherew; € %, is n, andis denotedw|. Forary w € X*
anda € X, we denoteby |w|, the numberof occurrencesf a in w. A language L is ary subset
of 3*. For additionalbackgroundn formal languagesindautomataheory pleaseseeYu [14] or
HopcroftandUIllman [11]. In particular we assumehatthe readeris familiar with the concepts
of DFAs andNFAs.

A contet-free grammar(CFG)is a4-tupleG = (V, X, P, S) whereX is analphabet} is a
finite setof variables(or non-terminaly S € V is the uniquestartvariableand P is the setof
productions.Eachproductionin P hastheform A — a whereA € V anda € (V U X)*. Let
a, B € (VUX)*. Wedenoteby o = f thefactthatthereexists A — ~ in P with o = a; Aay
andfg = ajyas for someag, as € (V U X)*. Let =* denotethe reflexive, transitive closureof
=. Thelanguagegeneratedy a CFG G is denotedby

LG) ={wes : §=*uw.

A languagel. is acontet-freelanguaggCFL) if thereexistsa CFG G suchthatL = L(G).
In this paperlg denotedogarithmto the base2.

3 Descriptional Complexity of Context-FreeLanguages

Our first taskis to considerappropriatalescriptionatompleity measure$or context-free gram-
marsand contet-free languages.Unlike the caseof deterministicfinite automataand regular
languages—whergtatecompleity is awidely acceptediescriptionameasure—thens noagreed
uponcompleity measurdor context-free languageskor instanceGruska[9, 10] defineghefol-
lowing descriptionatompleity measuresor aCFGG = (V, X, P, S):

(a) Thenumberof variables|V|, denotedvar(G);

(b) Thenumberof grammaticalevels of GG, denotedev(G). A level of G is asubsetP, C P
suchthatA — a € P, implies

B—-pgePlP <+— A= ’YlB’YQ andB =* 771A772
for somey1, v, 11,72 € (V UX)*



(c) Thedepthof G, denoteddepti{ ). Thedepthof G is the maximumdepthof ary grammat-
ical level: deptHG) = max{depth(Fy) : F,isalevel of G}. Thedepthof agrammatical
level is givenby

depthPy) = [{A : Ja suchthatA — « € By}

Othermeasuresxaminedin theliteratureare
(d) Thenumberof productiondn G.

(e) Thesumof thelengthsof the productions:

> o +2

A—a€eP
This measurés knowvn asthe numberof symbolsn G [5]. It is oftendenotedsymhb(G).

For eachof thesemeasuresthe compleity of a CFL L is the minimum compleity over all
CFGs(G with L(G) = L. We donotdiscusaneasuregb), (c) or (d) furtherin this paper

We discussmeasurga), the total numberof variables,n somedetail. In general this is not
an accuratemeasureof the total sizeof a CFGIf, for example,we areencodingandstoringthe
CFG. This is becausédhe lengthsof the right-handsidesof the productionsare not boundedn
ary way. Further it suffersfrom the problemthatfor afixednumbern, thereareinfinitely mary
CFLsgeneratedy CFGswith n variableq(in fact,ary finite languageanbegeneratedy a CFG
with a single non-terminal).We would like to preventary descriptionacompleity measureve
aredealingwith from possessinghe propertythatthereareinfinitely mary distinctlanguage®f
afixedsize. Let d be a descriptionacompleity measuren CFGsover a fixed alphabet.Let us
furtherassumehatall variablenamesarechosernfrom a fixed countableset. Thenwe saythatd
is well-behavedf

Vn >0 [{G : d(G) < n}| < 0.

We notethatmeasurda) is notwell-behaed.

However, therearealsosomecompellingreasondor examiningmeasurda) asa descriptional
complity measurdor CFGs. Themostohviousis thelink to the statecompleity of regularlan-
guagesln thetraditionalcorversionof aDFA to a(right-linear)CFG,aDFA with statecompleity
n is corvertedto a grammarwith n variables.With this in mind, we cansahagethe measureof
“numberof variables”"asa descriptionacompleity measurdy insistingthatourgrammarsein
Chomsly normalform (CNF). (A grammaiis in CNFif all productionsareof theform A — BC
or A — a,whereA, B, C arevariablesanda is aterminal.)If L is a CFL, we define

venf(L) = min{|V| : G = (V,X, P,S) isaCFGin CNF acceptingL}.

Thismeasurdnasbeenemplo/edby Domaratzkietal.[3] for measuringhedescriptionatomple-
ity tradeofs betweerregularandcontet-free languagesWe adoptthis descriptionatompleity
measurén Section5.2for enumeratinguinaryCFLs.



4 Uncomputability of Enumeration of CFLs

We bggin with a proofthatit is impossibleto exactly computethenumberof CFLsof agivensize.
We notethatthe undecidabilityresultdoesnot dependon the descriptionakcompleity measure,
aslongasit is itself computableandwell-defined.

Theorem 1. Let f(n) denotethe numberof distinct CFLs of sizen with respecto a given,com-
putablewell-behavediescriptionalcompleity measue. Thenthefunction f is uncomputable

Proof. Let usdenoteour well-behaed, computabledescriptionaktompleity measuredy d. Let
G’,G" be CFGs. Without lossof generality we canassumehatd(G’) = d(G"), sincewe can
alwaysadduselession-terminalor productiongo padthe smallergrammar Supposehat f(n)
canbe effectively computedor ary givenn, andconsiderthe following algorithm:

Input: G', G”, suchthatd(G') = d(G") =n

Let G,, bethesetof all CFGsof measurer.

Datastructure:C, apartitionof G,,.

1. LetC = {{Gn}}.

2. Computem = f(n).

3. Forallw e ¥*

4 For eachgroupC € C

5. Determinewhetherw € L(G;) forall G; € C.

6 If 3¢, j: w € L(G;) andw ¢ L(G;)

7 Split C into
Co={GeClw¢ LG},
Ci={GeClwe LG}

8. If ICl=m

9. Breakfrom for loop

10. Acceptif G’ andG” arein thesameclassin C, rejectotherwise.

The generalstratgy is to createall m equialenceclasseof context-free languageshasedon
beingableto computem = f(n). Then,oncetheseclasseshave beencreatedwe testif two
grammarsareequialentby testingif they arein the sameclass. Sincethis is undecidablecom-
puting f(n) mustalsobeundecidable.

To seethatthe algorithmworks, considerthatthe lastline (10) of the algorithmis eventually
reachedsincetherearem = f(n) distinct CFLsof sizen, by testingeachgrammaron wordsof
successie lengths eventuallyall m equivalenceclassesvill be separatedrom eachother

Listing G, is trivial: we cansimply list all possibilitiesfor a CFG with sizen exhaustvely.
Line (5) canbeimplementedy ary generalCFL parsingstratgly: CYK or Earlg/’s Algorithm, for
example.Line (10) canbetestedsincewe only needto testfor grammarequality notequialence,
in orderto concludethatG’ andG” areor arenotin thesameclass. O

We canalsoconsideitheundecidabilityof otherenumeratie problemselatingto contect-free
grammars.

Theorem 2. Let f(n) denotethe numberof CFGs of sizen (with respectto a well-behaved,
computabledescriptionalcompleity measue) thatgeneate ¥*. Thenf(n) is notcomputable



Proof. Supposinghecomputabilityof f, let usconstructanalgorithmfor solvingtheuniversality
problemfor contet-free grammarg“determine whetheragiven G over ¥ generate&:*”), which
is known to beundecidablegr, to beprecise II;-complete.

Input: G, suchthatd(G) = n
LetG,, = {Gi,...Gn} beall CFGsG’ with d(G') = n.
Datastructure:C, asubsebf G,,.

1. LetC =g,
2. Computem = f(n).
3. Forallw e ¥*

4, Forall G’ e C

5. If w¢ L(G)

6. Remae G’ from C

7. if [Cl=m

8. Acceptif G € C, rejectotherwise.

Thebasicideais thesameasin Theoreml, andit is moreolviousin thiscase Therearem = f(n)
contet-free grammarsof sizen thatgenerate*, while eachof the restof the grammarsannot
generatesomestringw € ¥*. All thesestringswill eventuallybe found,andall grammarghat
generatdanguagestherthanX* will beremovedfrom C. Thenlines(7-8)reporttheresult. [

We notethat, in contrast,the exact numberof distinct CFGsof sizen thatgeneratez or a
finite languageas computable.

5 Enumerating CFLs

We now turn to the growth of someenumeratie functionsrelatedto CFLs. Dueto theresultsin
the previoussection thesefunctionsareuncomputableHowever, we areableto give estimateof
their growth.

5.1 Enumerating CFLs by Number of Symbols

Wefirst considerestimatingthe numberof CFLswith n symbols(i.e., thetotal sumof production
lengthsis n) over a k letteralphabet.Let A\;(n) denotethe numberof CFLs generatedy CFGs
with n symbolsover a k-letteralphabetWe begin with anupperbound:

Theorem 3. For all n, k > 1, thefollowinginequalityholds:
lg(Ak(n)) < (n —1)1g(n/2+ k +1).

Proof. For ary word w = wy#wa# - - - #w,,,# over the alphabet® U V' U {#}, w definesa
CFG-like form

a1—>w’1

a2—>w’2



wherew; = o;w} anda; € V U X. Notethatif «; ¢ V, thenthis doesnot definea valid CFG.
However, thiswill suffice for ourupperbound.

Thereforewe seethatfor all wordsw € (|V |+ k + 1)"~!, we getatmostonevalid grammar
with n symbols.If w is of lengthn — 1, therecanbeat mostn /2 productiongat mostevery other
symbolof w canbe#). Thus,we get|V| < n/2 andour upperboundis (n/2 + k + 1)"~1.

O

We now give alower bound.We requirethe following resultdueto Domaratzkiet al. [2]:

Theorem 4. Thenumberof distinctregular languages geneated by a DFA with n statesover a
k > 2 letter alphabetis at leastn2"nk—1)n,

Theoremb. Forall n > 1 andk > 2, wehave

le(Ae(n)) > len +1lgn —
gk(n)) 2 gnlgn +lgn — == Ak + 2

Proof. We considerthe impactof cornverting a DFA with n statesover a k-letter alphabetto a
CFG.Let M = (Q,X,0,q0, F). DefineaCFGG = (Q, %, P,qp). Foreachi(g;,a;) = g, we
definethe productiong; — a;q,. Thus,for eachof thenk transitionsin A/, we have aproduction
of length4. Furthermorefor eachfinal stateq; € F', we have a productiong; — ¢, of length2.
Thus,thetotal numberof symbolsin G is 4nk + 2| F| < (4k + 2)n. Using Theorem4, we obtain
our result. O

nlg(dk +2) — 1g(4k + 2) +

5.2 Enumerating CFLs by Number of variables

We now discussenumeratiorof CFLs by the numberof variablesin a CNF CFG generatinghe
language We requirethefollowing theoremdueto Domaratzkietal. [3]:

Theorem6. Letn > 1 andlet L beanysubsedf {¢,a,...,a" '}. Thenther existsa CFG G in
CNF with at most4[n!/3] + 2 variablesgeneating L.

Let Fy(n) givethenumberof distinct CFLsgeneratethy a CNF CFGwith atmostn variables
over a k-letteralphabetin thefollowing theoremk is consideredh constant.

Theorem7. Fj(n) € 29",

Proof. By Theorem6, for somef(n) € Q(n), eachfinite languagel C {¢,qa,...,a’™} canbe
generatedby a CNF CFGwith n variables.This establisheshe lower bound.

For the upperbound,considerthattherearen® + kn possibleproductionsin agrammarwith
n variablesin CNF: n? of theform 4; — A; Ay, for ary choiceof 1 < 4, 5,k < n andkn of the
form A; — a;forany 1 <i <nandl < j < k. Eachsubsebf then? + kn possibleproductions
definesagrammarwhich yieldsanupperboundof on’+kn, O

We canmale the discussiommore precisefor finite unarycontet-free languages.
Theorem 8. LetU(n) measue the numberof distinctunaryfinite languayesgeneatedby a CFG
in CNF with n variables.Thenlg(U (n)) satisfies
n? n? 5 4n
1< < -
ol 1 <l1g(U(n)) < 3 " + 3 ©(nlgn)
for n suficientlylarge.



Proof. Let usfirst give theupperbound:Consideranarbitrarygrammarn CNF with n variables.
Withoutlossof generalityletthevariablesbe A4, Ao, ..., A,, with A; thestartsymbol. Thereare
>oii(n—14)(n — i — 1) differentproductionsof theform A; — A; A;, with j < k—theorderof
variableson the left-handsideis irrelevant, sinceunarylanguagesommute andthe productions
may be assumedo be of theform A; — A;A; with 5,k > 4, sincethe languagegenerateds
finite. Finally, therearen productionsof the form A; — a. Therefore,simplifying thereare

% —n?+ %” possibleproductionsand2?‘"2+4? possiblesetsof productions.Noting thatthe

namesof the non-startsymbolsareirrelevant, we candivide this quantityby (n — 1)!. Thus,by
Stirling’s Approximation,lg(U(n)) < § —n?+ 42— O(nlgn).

For the lower bound,we malke the lower boundof the proof of Theorem7 moreprecise.In
particular if f(n) = % — 1, thenall subsetf {e, a,...,a/ =1} canbe generatedy a CNF
CFGwith 4((’61—5’L — 1)]Y/3 4 2 < n variables.This givestheresult. O

5.3 Number of Universal Grammars

Motivated by Theorem2, we can also give estimateson the numberof CFGs generating:*.

Note that we are not concernedwith enumeratingCFLs, as we werein the previous sections,
but grammars.We first considerthe measurenf the numberof variablesin CNF. Note that CNF

grammarsannotgeneraté_*, sothetheoremdiscussegrammarghatgeneraté: ™ (this quantity
is alsouncomputableasis easilyseen).

Theorem 9. Letn > 1 andk > 2. Denoteby pux(n) thenumberof CNF CFGswith n variables
geneating X" whee |X| = k. Thefollowinginequalitieshold:

(n—134(n—-12%+ (n— 1Dk <lgur(n)) <n>+nk

Proof. The upperboundis the trivial boundfrom Theorem?7. For the lower bound,considera
grammarin CNF with variables{ A, ..., A, } with A; the startsymbol. We setthe productions
of A; toincludethefollowing productions:

A — A4
A — a VaclX.

Note that we now guaranteehat the grammargenerates_™. Now, every grammarincluding
theseproductionsalsogenerate&€ ™. Thus,thelower boundcomesfrom choosingthe remaining
(n — 1)? productionsof theform A; — A; A; with 1 < i, j < n, the(n — 1)3 productionsof the
form A; — A; A, with 1 < i, j,k < n, andthe (n — 1)k productionsof theform 4; — a with
1 < i <mnanda € 3, in all possibleways. O

We canalsoconstructa similar resultwhenmeasuringCFGsby the numberof symbols.

Theorem 10. Letn > 1 andk > 2. Denoteby vy (n) the numberof CNF CFGswith n symbols
geneating ¥* whee |X| = k. Thefollowing inequalitieshold:

(n—3k —8)lg(k+1) <lg(vk(n)) < (n—1)1g(n/2 +k+1).

For thelower bound,we additionallyrequire n. > 3k + 10.



Proof. Theupperboundis from TheorenB. Thelowerboundis similarto theproofof Theoren®.
Consideragainthegrammarwith fixed startsymbol A andproductions

A — AA
A — a Vacel.

A — ¢

Thenthetotal lengthof theseproductionss 3k + 6. Considertheremaininglengthof n — 3k — 6
symbols.Any wordw over XU {A} of lengthn — 3k — 8 canbeextendedo aproductiond — w.
For any suchw, adjoiningit to the k + 2 productionsabove, we geta distinctgrammar(provided
n — 3k — 8 > 2, to preventusfrom duplicatingtheabove productions).This givesalower bound
onvy(n) of (k + 1)n—3k8, O

6 Generalresultson Uncomputability of Enumerative Functions

Theoremsl and2 sharea singlemethodof agument:it is shavn thatknowing the valuesof an
enumeratie functionallows oneto solve a certainrelatedproblem,andthe undecidabilityof that
problemimpliesthe uncomputabilityof theenumeratie function.

In this sectionwe prove generaktheoremghatcanbe usedto establistresultsof this kind.

6.1 The number of objectssatisfying a predicate

Considerthe following abstractgeneralizatiorof Theoreml: insteadof the setof contet-free
grammarsjet us take ary recursve set X with ary computableandwell-behaed descriptional
complity measurel definedon it; insteadof the universalitycondition,let ustake an arbitrary
predicateP on X. We denoteby fp(n) thefollowing quantity

fp(n) =|{z € X : d(z) = n,andP(x) holds. }|.
Thatis, fp(n) denotegshe numberof wordsof measure: in X thatsatisfythe predicateP.

Theorem1l. Let X bearecusivelanguaye, let O bean oracle Let P bea predicateon X that
is recussivelyenumeablein O or co-recuisivelyenumeablein O. Then,if fp(n) isacomputable
function,then P is recursivein O.

Proof. AssumeP is recursvely enumerablgin O), let fp becomputable.

Input: z € X, suchthatd(G) =n
Let X,, = {z1,...zn} beall elementof X of measure:
Datastructure:C, asubsebf X,,.

LetC =9
Computem = f(n).
Startsimulatingther.e. procedurdor P simultaneoushpnall y € X,,
For every y onwhich oneof the procedurealts
Addyto C
If |C|=m
Endthesimulation

Acceptif = € C, rejectotherwise.

ONoGRwWNE



All f(n) yes-instance®sf the predicatewill eventually be found, asthe m corresponding.e.
procedureserminate.At this pointthelines (6—7) will beinvoked, andthe acceptanceondition
in line (8) determinegheresult: x is acceptedf andonly if P(zx) is true. Sincethe constructed
algorithmalwayshalts,we have provedthat P is recursve in O.

Thecaseof co-recursiely enumerable’ (asin the specialcasetrreatedn Theoreml) follows
by observinghat—P is recursvely enumerablén O, andf-p(n) = | X,,| — fp(n) iscomputable.
Therefore py thefirst partof thetheorem~ P isrecursve in O, andhencesois P. O

If the oracleis not used,the theoreminfersrecursvenessout of (co-)recursie enumerability
of the predicate provided thatthe enumeratie functionis computable If we let O betheoracle
for the TM halting problem,thenTheorem11 statesthatif P isin X5 or Il in the arithmetical
hierarchyand fp is computablethen P € Y5, N II,. More generally we have the following
corollary:

Corollary 1. Let X be a recusiveset,let P be a predicateon X thatis in X, U Il for some
k > 1.If fpiscomputablethenP isin ¥ N II.

In thefollowing, A denoteshe symmetricdifferenceof two sets:S1 A So = (S1\S2) U (S \
S1).

Corollary 2. For anypredicateP thatis in X; A II;, the correspondindgunction fp is not com-
putable

Corollary 3. For anypredicateP thatis completefor ¥, or for 11, the correspondingunction
fp is notcomputable

This allows usto obtainresultsof thefollowing kind:

(a) Thenumberof Turing machineof sizen thathalton e is uncomputablébecauséhe deci-
sionproblemis X;-complete).

(b) Thenumberof unambiguousontet-freegrammar®f sizen is uncomputabléthedecision
problemis II;-complete).

(c) Thenumberof context-free grammarsf sizen thatgeneratéanguagesvith a context-free
complements not computablegthe decisionproblemis 3s-complete).

6.2 The number of equivalenceclasses

Let ussimilarly generalizeTheoreml, which stateshe uncomputabilityof the numberof distinct
CFLs generatedby CFGsof a given size. In the generalcontext, we considera recursve set
X with a computableandwell-behaed descriptionakkompleity measurel, andan equvalence
relation R on X, andwe denotethe numberof equvalenceclasse®n the elementof measurex

in X by gr(n).

Theorem 12. Let X be a recussive language, let R be an equivalencerelation on X that is
recuisivelyenumeable usingan oracle O or co-recussivelyenumeable usingO. Then,if gr(n)
is a computabldunction,thenR is recusivein O.

Proof. Let usstartfrom the caseof arecursvely enumerableR?. Usingthe computabilityof gg,
constructthe following decisionprocedurdor R:

9



Input: z,y € X, suchthatd(z) = d(y) =n
Let X,, = {z1,...2n} C X beall elementf X of measurer.
Datastructure:C, apartitionof X,,.

1. LetC = {{z1}.....{an}}.
2. Computem = gr(n).
3. Startsimulatingther.e. procedurefor P simultaneoushyon all pairs (z/,z”) €

X, x X,

4 For every pair (2, z”"), on which oneof the procedure$alts
5. If 2/ andz” belongto differentclasse’;,C» in C,

6 Merge(Cs, Cs into oneclass

7 If |IC| =m,

8. Endthesimulation.

9. Acceptif x andy arein the sameclassin C, rejectotherwise.

Oncethe equvalenceof ary memberss establishedthey aremovedto asingleclassin the parti-
tion. Sincetherelationis recursvely enumerablethe equivalenceof all equivalentmemberswill
eventually be determinedat which moment|C| will reachthevaluegr(n). Sincethe algorithm
knows this number it will stopandcorrectlydeterminevhetherr andy areequialentor not.
ThesecondcasewhereR is co-recursiely enumerableis handledsymmetrically

Input: z,y € X, suchthatd(z) = d(y) = n
Let X,, € X containall elementf X of measuren.
Datastructures{i) C, apartitionof X,; (ii) S, asetof pairsfrom X,,.

1. LetC = {X,}.
2. Computemn = gr(n).
3. Startsimulatingther.e. procedurdor — P simultaneouslpnall (z/,z") € X,, x

For every pair (2, z”"), on which oneof the procedure$alts

Add (z/,2") 10 S.

If ' andz” belongto thesameclassC € C

If thereexistsa partitionC = C1 U (s, suchthatCy x Cy C S,
Split C'into Cy and(Cs.

If |IC| =m,
10. Endthesimulation.
11. Acceptif = andy arein thesameclassin C, rejectotherwise.

© 0N OA
3

Notethat,unlike Theoreml, anequivalenceclasscannotbesplitin two immediatelyuponfinding
ary inconsisteng. in orderto determinethe exact partition, the algorithm hasto wait until all
the nggative informationis accumulatedn S, whenthe conditionin line (7) becomesrue. This
eventuallyhappensbecause- P is recursvely enumerableandhenceC is eventuallysplitinto m
classesKnowing gr(n), thealgorithmcanstopandmale the correctdecision. O

Corollary 4. Let R bean equivalenceelationon X thatisin 3, U II, for somek > 1. If gy is
computablethenR isin X N 1.

Corollary 5. For anyequivalenceelation R thatis in >3 A Il, thecorrespondingunctiongg is
notcomputable

10



Corollary 6. For anyequivalenceelation R thatis completefor X, or for 11, thecorresponding
functiongp is notcomputable

In particular Corollary 6 impliesthe earlierTheoreml. Let usnotesomefurtherinstanceof
theseresults:

(a) Thenumberof distinctrationalrelationsdefinedby nondeterministidinite transducersvith
n Stateds uncomputabldtheir equivalenceproblemis known to beundecidablg8] andcan
beeasilyseento bell;-complete).

(b) The numberof distinctrecursvely enumerabldanguagesecognizecby Turing machines
of sizen is uncomputablébecaus¢éhe TM equivalenceproblemis II;-complete).

We notein passinghatexample(a) is relatedto anopenproblemposedby Harrison.Let M =
(@, %, 9, 7) beasequentiatransduceand Ry, bedefinedby Rys = Ugeq zex+{(z, 7(¢,z))}. In
otherwords,for ary pair of stringsz € ¥* andy € A*, x Ry;y holdsif andonly if thereexists
astateq € @ suchthaty = 7(q,z) (seeGray and Harrison[7] for the definitionsand more
backgroundn sequentiatransducers)Harrisonasksfor the numberof distinctbinaryrelations
R definedby sequentiatransducersf sizen for fixedalphabets:, A.

A limitation commonto both typesof our generalnegative resultsis that Corollary 2 and
Corollary 5 are not applicableto undecidablepredicatesand equivalencerelationslocatedbe-
tweenthelevels of the arithmeticalhierarchy Nothing canbe inferredaboutthe computabilityof
associate@numeratie functionsin thosecases.Sometimeghey turn out to be computableand
sometimesheir computabilitystatuscannotbe determinedy our methods.

For instance,considerthe following relation on the setof Turing machines:M; ~ M, if
andonly if eitherboth of themhalt on ¢, or neitherof themdoes. It is easyto seethat this is
an equialencerelation,andit is betweenthe levels of the arithmeticalhierarchy—tobe precise,
isin (X2 N1l2) \ (X1 UII;). For this relation,the numberof classeof equivalenceis trivially
computablepecausehereare exactly two suchclassesthosemachineghathalt on ¢ andthose
thatdo not.

Let us consideranotherequivalencerelation, this time on context-free grammars.Let us say
thatG; ~ Gy if andonly if either(a) L(G1) = L(G2) andthis languagés regular, or (b) both
L(G,) and L(G5) arenot regular It is easyto seethat the numberof equivalenceclasseson
grammarf measuren is exactly the numberof regularlanguagegeneratedy suchgrammars
plus 1. Therelationis both 35-hard and I15-hard by a reductionfrom the CFG regularity and
non-reyularity problemsrespectrely, andit is decidableusinganoraclein 5. This putsit into
(33 N1I3) \ (X2 Ully), soCorollary5 is againnot applicableandit remainsunknavn whether
this numbercanbe effectively computed.

7 Conclusions

We have shavn thatthe numberof contet-free language®f a fixed size,over an arbitraryfixed
alphabeis uncomputableHowever, we have alsogiven estimate®n the growth of theseuncom-
putablefunctions.

Severalinterestinguncomputabilityresultsremainopen.In particular we leave opentheprob-
lem of the uncomputabilityof functionsrelatedto enumeratiorof predicatesandequivalencere-
lationswhich are not completefor ary level of the arithmetichierarchy We alsoleave openthe
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following interestingparticularinstanceof this problem:ls the numberof regularlanguagegen-
eratedby CFGsof afixedsizecomputable®Ve conjecturat is not.
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