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Abstract

In thispaper, weconsidertheenumerationof context-freelanguages.In particular, for any
reasonabledescriptionalcomplexity measurefor context-freegrammars,wedemonstratethat
theexactquantityof context-freelanguagesof size � is uncomputable.Nevertheless,we are
ableto giveupperandlowerboundsonthenumberof suchlanguages.Wealsogeneralizeour
resultsto enumeratepredicatesthatarerecursively enumerableor co-recursively enumerable.

1 Intr oduction

Enumerationis thestudyof thenumberof distinctobjectsfrom aninfinite setthatareof a fixed,
finite size. Enumerationhasa long historyof interactionwith formal languagetheory, datingto
the1950s,whereresearcherswereprimarily interestedin theenumerationof deterministicfinite
automata(DFAs). We refer the readerto Domaratzkiet al. [2] for a bibliographyof researchon
enumerationof finite automata.Recently, enumerationof other objectsthat characterizeregu-
lar languages—particularly non-deterministicfinite automata(NFAs) [2] andregularexpressions
[12]—hasalsobeenexamined.Theseproblemsareoftencomplicatedby thefactthatit is difficult
to enumeratethenumberof NFAs, DFAs andregularexpressionsthatgeneratedistinctlanguages.
Experimentalresultscanalsobeobtainedby exhaustively computingthenumberof objectsgen-
eratingdistinct regular languages.However, we notethat in eachof thesecases,theequivalence
of two objects(DFAs, NFAs or regularexpressions)is computable,abasicnecessityin algorithms
for explicitly computingthesequantities.

In this paper, we examinethe problemof enumeratingcontext-free languages(CFLs). It is
well known thatgiventwo context-freegrammars(CFGs),it is undecidablewhetherthey generate�
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thesamelanguage.Thiseliminatesthenaturalmethodfor computingexperimentalresultsfor the
numberof CFLsof a givensize.However, it doesnot immediatelyprecludethatenumeratingthe
numberof CFLsof size� is computablegiven � . To ourknowledge,despitethesimplicity of this
problem,it hasnot beenstudiedbefore. We note,however, thatseveralauthorshave considered
theunrelatedproblemof, for a fixedCFG � , enumerating(exactlyor approximately)thenumber
of, or listing the, wordsof length � generatedby � . For example,seeDömösi [4], Bertoni et
al. [1], Goreetal. [6] andMartinez[13].

We show that the enumerationof CFLs is uncomputablein general. Thus, it is impossible
to computethe exact valuesalgorithmically. However, we alsogive asymptoticboundson the
numberof CFLsof size � . We examinethis problemwith respectto differentnotionsof thesize
of aCFG,includingnumberof symbolsandnumberof variablesin CNF.

2 Preliminary Definitions

Let � bea finite setof symbols,calledletters. Then � � is thesetof all finite sequencesof letters
from � , which arecalledwords. Theemptyword � is theemptysequenceof letters.The length
of a word 	�
�	��	���������	������ � , where 	������ , is � , andis denoted� 	�� . For any 	���� �
and  !�"� , we denoteby � 	�� # thenumberof occurrencesof  in 	 . A language $ is any subset
of � � . For additionalbackgroundin formal languagesandautomatatheory, pleaseseeYu [14] or
HopcroftandUllman [11]. In particular, we assumethat thereaderis familiar with theconcepts
of DFAs andNFAs.

A context-freegrammar(CFG) is a 4-tuple �%
'&�(*)���)�+,)�-,. where � is analphabet,( is a
finite setof variables(or non-terminals), -/�0( is the uniquestartvariableand + is thesetof
productions.Eachproductionin + hastheform 13254 where 13�6( and 4"�7&�(089��. � . Let4:)<;=�"&�(>8?��. � . We denoteby 4A@B; the fact that thereexists 1C2ED in + with 4A
34*F1G4H�
and ;=
'4IJD*4H� for some4IF)�4K�L�7&�(/8?��. � . Let @ � denotethereflexive, transitive closureof@ . Thelanguagegeneratedby aCFG � is denotedby

$M&���.N
>OP	��Q� �SR -S@ � 	UTWV
A language$ is acontext-freelanguage(CFL) if thereexistsa CFG � suchthat $Q
>$N&���. .

In thispaper, X Y denoteslogarithmto thebase2.

3 Descriptional Complexity of Context-FreeLanguages

Our first taskis to considerappropriatedescriptionalcomplexity measuresfor context-freegram-
marsand context-free languages.Unlike the caseof deterministicfinite automataand regular
languages—wherestatecomplexity isawidelyaccepteddescriptionalmeasure—thereis noagreed
uponcomplexity measurefor context-freelanguages.For instance,Gruska[9, 10] definesthefol-
lowing descriptionalcomplexity measuresfor aCFG �>
>&�(*)���)�+,)�-,. :

(a) Thenumberof variables� (�� , denotedvar&��Z. ;
(b) Thenumberof grammaticallevelsof � , denotedlev &���. . A level of � is a subset+K[]\3+

suchthat 1^2_49�`+K[ impliesa 2b;c�S+ [ d @ 1^@ � D  a D � and
a @ �:e  1 e �

for someDfF)<Dg�h) e F) e ���S&�(68i��. �

2



(c) Thedepthof � , denoteddepth&���. . Thedepthof � is themaximumdepthof any grammat-
ical level: depth&��Z.N
0j]kPlmOWngo�phq�rK&�+H[g. R +K[ is a level of ��TWV Thedepthof a grammatical
level is givenby

depth&�+K[h.M
�� OW1 Rts 4 suchthat 1^2_49�`+K[hTK� V
Othermeasuresexaminedin theliteratureare

(d) Thenumberof productionsin � .

(e) Thesumof thelengthsof theproductions:

u
v*w�xzy|{ � 4}�F~"�

Thismeasureis known asthenumberof symbolsin � [5]. It is oftendenotedsymb&���. .
For eachof thesemeasures,thecomplexity of a CFL $ is theminimumcomplexity over all

CFGs � with $M&���.,
/$ . Wedonotdiscussmeasures(b), (c) or (d) furtherin thispaper.
We discussmeasure(a), the total numberof variables,in somedetail. In general,this is not

an accuratemeasureof the total sizeof a CFG if, for example,we areencodingandstoringthe
CFG. This is becausethe lengthsof the right-handsidesof the productionsarenot boundedin
any way. Further, it suffersfrom theproblemthat for a fixednumber� , thereareinfinitely many
CFLsgeneratedby CFGswith � variables(in fact,any finite languagecanbegeneratedby aCFG
with a singlenon-terminal).We would like to preventany descriptionalcomplexity measurewe
aredealingwith from possessingthepropertythat thereareinfinitely many distinct languagesof
a fixedsize. Let n bea descriptionalcomplexity measureon CFGsover a fixedalphabet.Let us
furtherassumethatall variablenamesarechosenfrom a fixedcountableset. Thenwe saythat n
is well-behavedif � �S�>��� OW� R n�&���.N�A�MTK���>�"V
Wenotethatmeasure(a) is notwell-behaved.

However, therearealsosomecompellingreasonsfor examiningmeasure(a)asadescriptional
complexity measurefor CFGs.Themostobviousis thelink to thestatecomplexity of regularlan-
guages.In thetraditionalconversionof aDFA to a(right-linear)CFG,aDFA with statecomplexity� is convertedto a grammarwith � variables.With this in mind, we cansalvagethemeasureof
“numberof variables”asadescriptionalcomplexity measureby insistingthatourgrammarsbein
Chomsky normalform (CNF). (A grammaris in CNF if all productionsareof theform 162 at�
or 172� , where 1G) a ) � arevariablesand  is a terminal.)If $ is aCFL, we define

vcnf&�$N.,
>j]� �:OK� (i� R �0
>&�(*)���)�+,)�-,. is aCFGin CNF accepting$MTWV
Thismeasurehasbeenemployedby Domaratzkietal.[3] for measuringthedescriptionalcomplex-
ity tradeoffs betweenregularandcontext-free languages.We adoptthis descriptionalcomplexity
measurein Section5.2for enumeratingunaryCFLs.
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4 Uncomputability of Enumeration of CFLs

Webegin with aproof thatit is impossibleto exactlycomputethenumberof CFLsof agivensize.
We notethat theundecidabilityresultdoesnot dependon thedescriptionalcomplexity measure,
aslongasit is itself computableandwell-defined.

Theorem 1. Let �f&��M. denotethenumberof distinctCFLsof size� with respectto a given,com-
putablewell-behaveddescriptionalcomplexity measure. Thenthefunction � is uncomputable.

Proof. Let usdenoteour well-behaved, computabledescriptionalcomplexity measureby n . Let�}��)��}� � be CFGs. Without lossof generality, we canassumethat n�&��}��.�
�n�&��}� ��. , sincewe can
alwaysadduselessnon-terminalsor productionsto padthesmallergrammar. Supposethat �f&��M.
canbeeffectively computedfor any given � , andconsiderthefollowing algorithm:

Input: ����)���� � , suchthat n�&�����.�
>n�&��}� ��.�
A�
Let ��� bethesetof all CFGsof measure� .
Datastructure:� , apartitionof ��� .
1. Let �`
/�HOW���KTh� .
2. Compute��
>�f&��M. .
3. For all 	��Q� �
4. For eachgroup

� ���
5. Determinewhether	��S$M&�����. for all ���I� � .
6. If

sW� )<� : 	��S$M&����<. and	b��S$N&��� ¡.
7. Split

�
into� [�
>OW�/� � ��	b��`$M&���.�T ,�  
>OW�/� � ��	��`$M&���.�T

8. If � ���¢
A�
9. Breakfrom for loop
10. Acceptif �}� and �}� � arein thesameclassin � , rejectotherwise.

The generalstrategy is to createall � equivalenceclassesof context-free languages,basedon
beingable to compute� 
��f&��M. . Then,oncetheseclasseshave beencreated,we test if two
grammarsareequivalentby testingif they arein thesameclass.Sincethis is undecidable,com-
puting �f&��M. mustalsobeundecidable.

To seethat thealgorithmworks,considerthat thelast line (10) of thealgorithmis eventually
reached:sincethereare�B
C�f&��M. distinctCFLsof size� , by testingeachgrammaron wordsof
successive lengths,eventuallyall � equivalenceclasseswill beseparatedfrom eachother.

Listing ��� is trivial: we cansimply list all possibilitiesfor a CFG with size � exhaustively.
Line (5) canbeimplementedbyany generalCFLparsingstrategy: CYK or Earley’sAlgorithm, for
example.Line (10)canbetestedsinceweonly needto testfor grammarequality, notequivalence,
in orderto concludethat � � and � � � areor arenot in thesameclass.

Wecanalsoconsidertheundecidabilityof otherenumerativeproblemsrelatingto context-free
grammars.

Theorem 2. Let �f&��M. denotethe numberof CFGs of size � (with respectto a well-behaved,
computabledescriptionalcomplexity measure) thatgenerate � � . Then �f&��M. is not computable.
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Proof. Supposingthecomputabilityof � , let usconstructanalgorithmfor solvingtheuniversality
problemfor context-freegrammars(“determine,whetheragiven � over � generates� � ”), which
is known to beundecidable,or, to beprecise,£¤ -complete.

Input: � , suchthat n�&���.,
��
Let ���L
/OW�mF)�V�V�V¥��¦ZT beall CFGs � � with ng&�� � .,
A� .
Datastructure:� , asubsetof �§� .
1. Let �`
>���
2. Compute��
>�f&��M. .
3. For all 	��Q� �
4. For all � � �!�
5. If 	¨��S$M&��Z.
6. Remove � � from �
7. if � ���¢
A�
8. Acceptif �/��� , rejectotherwise.

Thebasicideais thesameasin Theorem1,andit is moreobviousin thiscase.Thereare��
/�f&��M.
context-freegrammarsof size � thatgenerate� � , while eachof therestof thegrammarscannot
generatesomestring 	©�=� � . All thesestringswill eventuallybe found,andall grammarsthat
generatelanguagesotherthan � � will beremovedfrom � . Thenlines(7–8)reporttheresult.

We notethat, in contrast,the exact numberof distinct CFGsof size � that generateª or a
finite languageis computable.

5 Enumerating CFLs

We now turn to thegrowth of someenumerative functionsrelatedto CFLs. Dueto theresultsin
theprevioussection,thesefunctionsareuncomputable.However, weareableto giveestimatesof
their growth.

5.1 Enumerating CFLs by Number of Symbols

Wefirst considerestimatingthenumberof CFLswith � symbols(i.e., thetotal sumof production
lengthsis � ) over a « letteralphabet.Let ¬§�&��M. denotethenumberof CFLsgeneratedby CFGs
with � symbolsover a « -letteralphabet.Webegin with anupperbound:

Theorem 3. For all �M)�«��/® , thefollowing inequalityholds:

X Y¯&�¬§§&��M.�.��>&��±°�®W.²X Yf&��M�W��~"«�~"®W.�V
Proof. For any word 	�
³	 F´ 	 ��´ ����� ´ 	�µ ´ over the alphabet�¶8·(38·O ´ T , 	 definesa
CFG-like form

4I¸2 	 � 
4H� 2 	 ��

...
...

...

4H� 2 	 �µ
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where	���
�4¯�¹	 �� and 4¯���6(>89� . Note that if 4H�L��7( , thenthis doesnot definea valid CFG.
However, thiswill suffice for ourupperbound.

Therefore,weseethatfor all words	��S&¡� (��º~·«�~·®W. ��»f , wegetatmostonevalid grammar
with � symbols.If 	 is of length�L°c® , therecanbeatmost�M�W� productions(atmosteveryother
symbolof 	 canbe ´ ). Thus,we get � (������M�W� andourupperboundis &��M�W��~"«¼~"®W. ��»f .

Wenow give a lowerbound.Werequirethefollowing resultdueto Domaratzkiet al. [2]:

Theorem 4. Thenumberof distinct regular languagesgeneratedby a DFA with � statesover a«]�>� letter alphabetis at least�M� � �N½  »f�¾¿� .
Theorem 5. For all �Q�/® and «��>� , wehave

X Ym&�¬g§&��M.�.,� «¼°"®À «Z~"� �LX YM�Á~"X YN�i°
«¼°¶®À «�~"� �LX Ym&

À «�~"�W.Â°"X Ym& À «�~"�W.Â~ �À «�~"�
Proof. We considerthe impactof converting a DFA with � statesover a « -letter alphabetto a
CFG.Let Ã 
³&�Ä�)���)�ÅÆ)�Çº[�)�È�. . Definea CFG ��
³&�ÄZ)���)�+,)�Ç�[h. . For each Å¢&�Çº��)� ¥ ¥.�
³ÇºÉ we
definetheproductionÇº�I2� ¥ |ÇÊÉ . Thus,for eachof the �M« transitionsin Ã , we have a production
of length

À
. Furthermore,for eachfinal stateÇºË���È , we have a productionÇºË�2B� , of length � .

Thus,thetotalnumberof symbolsin � is
À �M«¤~A�K� ÈÌ���>& À «¼~A�W.�� . UsingTheorem4, we obtain

our result.

5.2 Enumerating CFLs by Number of variables

We now discussenumerationof CFLsby thenumberof variablesin a CNF CFGgeneratingthe
language.Werequirethefollowing theoremdueto Domaratzkiet al. [3]:

Theorem 6. Let �Q�>® andlet $ beanysubsetof OP�§)� §)�V�V�V¥)� �§»f T . Thenthereexistsa CFG � in
CNF with at most

À*Í � �Î�Ï�Ð ~¶� variablesgenerating $ .

Let È¯§&��M. givethenumberof distinctCFLsgeneratedby aCNFCFGwith atmost� variables
over a « -letteralphabet.In thefollowing theorem,« is considereda constant.

Theorem 7. ÈH§&��M.��S�hÑf½ �gÒº¾ .
Proof. By Theorem6, for some�f&��M.N�AÓ�&��M. , eachfinite language$A\�OP�§)� §)�V�V�V¥)� Ë ½ ��¾ T canbe
generatedby aCNF CFGwith � variables.Thisestablishesthelowerbound.

For theupperbound,considerthatthereare � Ï ~"«¢� possibleproductionsin a grammarwith� variablesin CNF: � Ï of theform 1Ô�N2Õ1N |1Ô for any choiceof ®]� � )<�¢)�«Á�=� and «¢� of the
form 1Ô�I2_ ¢  for any ®�� � ��� and ®¼�A���>« . Eachsubsetof the � Ï ~`«¢� possibleproductions
definesagrammar, whichyieldsanupperboundof � � ÒºÖ� � .

Wecanmake thediscussionmoreprecisefor finite unarycontext-freelanguages.

Theorem 8. Let ×Z&��M. measure thenumberof distinctunaryfinite languagesgeneratedbya CFG
in CNFwith � variables.Then X Y¯&�×Z&��M.�. satisfies

� ÏØ À °¶®¼�>X Y¯&�×�&��M.�.M� � ÏÙ °9� � ~
À �Ù °"ÚZ&��LX YM�M.

for � sufficiently large.
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Proof. Let usfirst give theupperbound:Consideranarbitrarygrammarin CNFwith � variables.
Without lossof generality, let thevariablesbe 1GF)�1N�h)�V�V�V¡)�1Ô� with 1¤ thestartsymbol.ThereareÛ ���Üf &��Á° � .�&��±° � °¶®W. differentproductionsof theform 1N��2Ý1N ¥1N with ���/« —theorderof
variableson theleft-handsideis irrelevant,sinceunarylanguagescommute,andtheproductions
may be assumedto be of the form 1Ô��2 1Ô |1Ô with �¢)�«�Þ � , sincethe languagegeneratedis
finite. Finally, thereare � productionsof the form 1 � 2  . Therefore,simplifying thereare�gÒÏ °9� � ~>ß �Ï possibleproductions,and �mà ÒÒ »��§á ÖNâ àÒ possiblesetsof productions.Noting thatthe
namesof thenon-startsymbolsareirrelevant,we candivide this quantityby &��`°6®W.�ã . Thus,by
Stirling’s Approximation,X Ym&�×Z&��M.�.,� � ÒÏ °9� � ~ ß �Ï °"Ú�&��LX YM�M. .

For the lower bound,we make the lower boundof theproof of Theorem7 moreprecise.In
particular, if �f&��M.ä
 �§Òå ß °^® , thenall subsetsof OP��)� g)�V�V�V¢)� Ë ½ ��¾¹»f T canbegeneratedby a CNF

CFGwith
À*Í & � Òå ß °¶®W. Ðg�Î�Ï ~"���A� variables.This givestheresult.

5.3 Number of UniversalGrammars

Motivatedby Theorem2, we can also give estimateson the numberof CFGsgenerating� � .
Note that we are not concernedwith enumeratingCFLs, as we were in the previous sections,
but grammars.We first considerthemeasureof thenumberof variablesin CNF. Note thatCNF
grammarscannotgenerate� � , sothetheoremdiscussesgrammarsthatgenerate� Ö (thisquantity
is alsouncomputable,asis easilyseen).

Theorem 9. Let �A��® and «���� . Denoteby æç�&��M. thenumberof CNF CFGswith � variables
generating � Ö where � ���¢
>« . Thefollowing inequalitieshold:

&��Á°"®W. Ï ~"&��Á°"®W. � ~"&��Á°"®W.�«]�>X Ym&�æçg&��M.�.M�A� Ï ~9�M«
Proof. The upperboundis the trivial boundfrom Theorem7. For the lower bound,considera
grammarin CNF with variablesOW1GF)�V�V�V¥)�1N�HT with 1¤ thestartsymbol. We settheproductions
of 1G to includethefollowing productions:

1  2 1  1 
1GÕ2  �  Z�S��V

Note that we now guaranteethat the grammargenerates� Ö . Now, every grammarincluding
theseproductionsalsogenerates� Ö . Thus,thelower boundcomesfrom choosingtheremaining&��±°"®W. � productionsof theform 1¤}2è1N�<1N  with ®�� � )<�L�"� , the &��±°"®W. Ï productionsof the
form 1Ô�}2é1N ¥1N with ®L� � )<�¢)�«9�=� , andthe &��`°7®W.�« productionsof theform 1Ô�}2Õ with®�� � �A� and  t�S� , in all possibleways.

Wecanalsoconstructasimilar resultwhenmeasuringCFGsby thenumberof symbols.

Theorem 10. Let �"��® and «���� . Denoteby ê�§&��M. thenumberof CNF CFGswith � symbols
generating � � where � ����
>« . Thefollowing inequalitieshold:

&��±° Ù «Z°"ëW.²X Ym&�«Z~"®W.,�>X Ym&�ê�g&��M.�.,�/&��Á°"®W.²X Ym&��M�W��~�«�~"®W.�V
For thelower bound,weadditionallyrequire �QÞ Ù «�~�®W� .
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Proof. Theupperboundis from Theorem3. Thelowerboundis similar to theproofof Theorem9.
Consideragainthegrammarwith fixedstartsymbol 1 andproductions

1 2 1ä1
1 2  �  ��Q��V
1 2 �

Thenthetotal lengthof theseproductionsis
Ù «¤~ Ø . Considertheremaininglengthof �!° Ù «¤° Ø

symbols.Any word 	 over �Ì8ZOW1GT of length��° Ù «M°Áë canbeextendedto aproduction172ì	 .
For any such	 , adjoiningit to the «�~"� productionsabove,we geta distinctgrammar(provided�Á° Ù «�°�ë�Þ/� , to preventusfrom duplicatingtheabove productions).Thisgivesa lower bound
on ê�g&��M. of &�«Z~"®W. �§»§Ï  »§í .
6 General resultson Uncomputability of EnumerativeFunctions

Theorems1 and2 sharea singlemethodof argument:it is shown thatknowing thevaluesof an
enumerative functionallows oneto solve a certainrelatedproblem,andtheundecidabilityof that
problemimpliestheuncomputabilityof theenumerative function.

In thissectionwe prove generaltheoremsthatcanbeusedto establishresultsof this kind.

6.1 The number of objectssatisfyinga predicate

Considerthe following abstractgeneralizationof Theorem1: insteadof the setof context-free
grammars,let us take any recursive set î with any computableandwell-behaved descriptional
complexity measuren definedon it; insteadof theuniversalitycondition,let us take anarbitrary
predicate+ on î . Wedenoteby � { &��M. thefollowing quantity

� { &��M.�
�� OPï`��î R n�&�ïI.M
A�M) and +�&�ïI. holds. TK� V
Thatis, � { &��M. denotesthenumberof wordsof measure� in î thatsatisfythepredicate+ .

Theorem 11. Let î bea recursivelanguage, let ð bean oracle. Let + bea predicateon î that
is recursivelyenumerablein ð or co-recursivelyenumerablein ð . Then,if � { &��M. is a computable
function,then + is recursivein ð .

Proof. Assume+ is recursively enumerable(in ð ), let � { becomputable.

Input: ï9��î , suchthat ng&���.,
A�
Let îL�Ì
>OPïIF)�V�V�Vºï¯¦ZT beall elementsof î of measure�
Datastructure:� , asubsetof îL� .
1. Let �`
^ª
2. Compute��
>�f&��M. .
3. Startsimulatingther.e. procedurefor + simultaneouslyonall ñ���îL�
4. For every ñ on whichoneof theprocedureshalts
5. Add ñ to

�
6. If � � �¢
A�
7. Endthesimulation
8. Acceptif ï9��� , rejectotherwise.

8



All �f&��M. yes-instancesof the predicatewill eventually be found, as the � correspondingr.e.
proceduresterminate.At this point the lines(6–7)will be invoked,andtheacceptancecondition
in line (8) determinesthe result: ï is acceptedif andonly if +�&�ï*. is true. Sincetheconstructed
algorithmalwayshalts,we have provedthat + is recursive in ð .

Thecaseof co-recursively enumerable+ (asin thespecialcasetreatedin Theorem1) follows
by observingthat ò,+ is recursively enumerablein ð , and �hó { &��M.,
�� î � ��°Á� { &��M. is computable.
Therefore,by thefirst partof thetheorem,ò,+ is recursive in ð , andhencesois + .

If theoracleis not used,thetheoreminfers recursivenessout of (co-)recursive enumerability
of thepredicate,provided that theenumerative function is computable.If we let ð betheoracle
for theTM halting problem,thenTheorem11 statesthat if + is in ��� or £N� in the arithmetical
hierarchyand � { is computable,then +��³����ôA£N� . More generally, we have the following
corollary:

Corollary 1. Let î be a recursiveset, let + be a predicateon î that is in �,�8S£Ô for some«�õ7® . If � { is computable, then + is in �,äôÁ£N .
In thefollowing, ö denotesthesymmetricdifferenceof two sets: -: ö -²�¼
>&�-çz÷:-²�h.�8t&�-²�ç÷-çF. .

Corollary 2. For anypredicate+ that is in �, ö £Ô , thecorrespondingfunction � { is not com-
putable.

Corollary 3. For anypredicate+ that is completefor �, or for £Ô , thecorrespondingfunction� { is not computable.

Thisallows usto obtainresultsof thefollowing kind:

(a) Thenumberof Turing machinesof size� thathalt on � is uncomputable(becausethedeci-
sionproblemis �� -complete).

(b) Thenumberof unambiguouscontext-freegrammarsof size� is uncomputable(thedecision
problemis £¤ -complete).

(c) Thenumberof context-freegrammarsof size� thatgeneratelanguageswith a context-free
complementis not computable(thedecisionproblemis �,� -complete).

6.2 The number of equivalenceclasses

Let ussimilarly generalizeTheorem1, whichstatestheuncomputabilityof thenumberof distinct
CFLs generatedby CFGsof a given size. In the generalcontext, we considera recursive setî with a computableandwell-behaved descriptionalcomplexity measuren , andanequivalence
relation ø on î , andwe denotethenumberof equivalenceclasseson theelementsof measure�
in î by ùWúÔ&��M. .
Theorem 12. Let î be a recursive language, let ø be an equivalencerelation on î that is
recursivelyenumerableusingan oracle ð or co-recursivelyenumerableusing ð . Then,if ùWúû&��M.
is a computablefunction,then ø is recursivein ð .

Proof. Let usstartfrom thecaseof a recursively enumerableø . Usingthecomputabilityof ù�ú ,
constructthefollowing decisionprocedurefor ø :
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Input: ïI)<ñi�!î , suchthat n�&�ïI.,
>ng&�ñm.,
��
Let îL�Ì
>OWü¥F)�V�V�V¥üÊ¦ZTZ\Aî beall elementsof î of measure� .
Datastructure:� , apartitionof îL� .
1. Let �`
/�HOWü  TW)�V�V�V¥)�OWü ¦ Th� .
2. Compute��
AùWúN&��M. .
3. Startsimulatingthe r.e. procedurefor + simultaneouslyon all pairs &�ï � )<ï � � .Z�îL��ýÌîL�
4. For every pair &�ï � )<ï � � . , on whichoneof theprocedureshalts
5. If ï � andï � � belongto differentclasses�  )<� � in � ,
6. Merge �ÂP)<�§� into oneclass
7. If � ���¢
A� ,
8. Endthesimulation.
9. Acceptif ï andñ arein thesameclassin � , rejectotherwise.

Oncetheequivalenceof any membersis established,they aremovedto asingleclassin theparti-
tion. Sincetherelationis recursively enumerable,theequivalenceof all equivalentmemberswill
eventuallybedetermined,at which moment � ��� will reachthevalue ù ú &��M. . Sincethealgorithm
knows thisnumber, it will stopandcorrectlydeterminewhetherï andñ areequivalentor not.

Thesecondcase,where ø is co-recursively enumerable,is handledsymmetrically.

Input: ïI)<ñi�!î , suchthat n�&�ïI.,
>ng&�ñm.,
��
Let îL�Ì\Aî containall elementsof î of measure� .
Datastructures:(i) � , apartitionof î � ; (ii) - , asetof pairsfrom î � .

1. Let �`
 � îL� � .
2. Compute��
AùWúN&��M. .
3. Startsimulatingther.e. procedurefor ò,+ simultaneouslyonall &�ï � )<ï � � .,��î � ýîL�
4. For every pair &�ï � )<ï � � . , on whichoneof theprocedureshalts
5. Add &�ïH��)<ïH� ��. to - .
6. If ï � andï � � belongto thesameclass

� ���
7. If thereexistsa partition

� 
 �  8 � � , suchthat
�  ý � � \>- ,

8. Split
�

into
�  and

� � .
9. If � ���¢
A� ,
10. Endthesimulation.
11. Acceptif ï andñ arein thesameclassin � , rejectotherwise.

Notethat,unlikeTheorem1, anequivalenceclasscannotbesplit in two immediatelyuponfinding
any inconsistency: in order to determinethe exact partition, the algorithmhasto wait until all
thenegative informationis accumulatedin - , whentheconditionin line (7) becomestrue. This
eventuallyhappens,becauseò,+ is recursively enumerable,andhence� is eventuallysplit into �
classes.Knowing ùWúÔ&��M. , thealgorithmcanstopandmake thecorrectdecision.

Corollary 4. Let ø bean equivalencerelationon î that is in �,¤8Á£Ô for some«±õ>® . If ùWú is
computable, then ø is in �M�ôi£Ô .
Corollary 5. For anyequivalencerelation ø that is in �M ö £Ô , thecorrespondingfunctionùWú is
not computable.
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Corollary 6. For anyequivalencerelation ø that is completefor �M or for £Ô , thecorresponding
functionùWú is not computable.

In particular, Corollary6 impliestheearlierTheorem1. Let usnotesomefurtherinstancesof
theseresults:

(a) Thenumberof distinctrationalrelationsdefinedby nondeterministicfinite transducerswith� statesis uncomputable(theirequivalenceproblemis known to beundecidable[8] andcan
beeasilyseento be £¤ -complete).

(b) The numberof distinct recursively enumerablelanguagesrecognizedby Turing machines
of size� is uncomputable(becausetheTM equivalenceproblemis £M� -complete).

Wenotein passingthatexample(a) is relatedto anopenproblemposedby Harrison.Let ÃÕ
&�ÄZ)���)�ÅP)<þç. beasequentialtransducerand øÔÿ bedefinedby øûÿb
>8�� y����hy�� � OW&�ï*)<þç&�Ç�)<ï*.�.�TWV In
otherwords,for any pair of stringsï·�¶� � and ñ`�"ö � , ïtøûÿ7ñ holdsif andonly if thereexists
a state Ç·� Ä suchthat ñ�
©þç&�Ç�)<ï*. (seeGray and Harrison[7] for the definitionsand more
backgroundon sequentialtransducers).Harrisonasksfor thenumberof distinctbinary relationsø definedby sequentialtransducersof size� for fixedalphabets��)�ö .

A limitation commonto both typesof our generalnegative resultsis that Corollary 2 and
Corollary 5 are not applicableto undecidablepredicatesand equivalencerelationslocatedbe-
tweenthelevelsof thearithmeticalhierarchy. Nothingcanbeinferredaboutthecomputabilityof
associatedenumerative functionsin thosecases.Sometimesthey turn out to becomputable,and
sometimestheir computabilitystatuscannotbedeterminedby ourmethods.

For instance,considerthe following relation on the set of Turing machines: ÃA	�EÃ±� if
andonly if eitherboth of themhalt on � , or neitherof themdoes. It is easyto seethat this is
an equivalencerelation,andit is betweenthe levels of the arithmeticalhierarchy–tobe precise,
is in &��,�¤ô`£N�h.I÷¼&���Ô89£GF. . For this relation,thenumberof classesof equivalenceis trivially
computable,becausethereareexactly two suchclasses:thosemachinesthathalt on � andthose
thatdonot.

Let usconsideranotherequivalencerelation,this time on context-freegrammars.Let ussay
that �Z
� �}� if andonly if either(a) $N&��ZF.¤
 $M&��}�h. andthis languageis regular, or (b) both$M&��Z|. and $M&����h. arenot regular. It is easyto seethat the numberof equivalenceclasseson
grammarsof measure� is exactly thenumberof regular languagesgeneratedby suchgrammars
plus 1. The relation is both ��� -hardand £N� -hardby a reductionfrom the CFG regularity and
non-regularity problems,respectively, andit is decidableusinganoraclein � � . This putsit into&���Ïäô?£NÏh.:÷G&�����8?£M�h. , soCorollary5 is againnot applicable,andit remainsunknown whether
this numbercanbeeffectively computed.

7 Conclusions

We have shown that thenumberof context-free languagesof a fixedsize,over anarbitraryfixed
alphabetis uncomputable.However, we have alsogivenestimateson thegrowth of theseuncom-
putablefunctions.

Severalinterestinguncomputabilityresultsremainopen.In particular, weleaveopentheprob-
lem of theuncomputabilityof functionsrelatedto enumerationof predicatesandequivalencere-
lationswhich arenot completefor any level of thearithmetichierarchy. We alsoleave openthe
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following interestingparticularinstanceof this problem:Is thenumberof regular languagesgen-
eratedby CFGsof afixedsizecomputable?Weconjectureit is not.
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