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Abstract. We generalizetheembeddingorderto shuffle on trajectoriesandexamineits properties.
We give generalcharacterizationsof reflexivity, transitivity, anti-symmetryandotherpropertiesof
binaryrelations,andinvestigatetheassociateddecisionproblems.We alsoexaminethepropertyof
convexity of a languagewith respectto thesegeneralizedembeddingrelations.
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1. Intr oduction

The embeddingorderon words(alsoknown asthe subword order) is definedby ������� if � canbe
obtainedfrom � by deletingsomenumberof letters; it is one of many ordersof intereston words,
including the prefix, suffix and factor orders(seeSection2 for definitions). Theseordershave each
receivedmuchattentionin theliterature,especiallyin relationto thetheoryof codes.For example(and
without trying to beexhaustive),wenotethework of Haines[6], Jullien[9], ShyrandThierrin [20], and
Guoetal. [5] on theembeddingorderandits relationto codes.In thispaper, we defineaclassof binary
relationswhichgeneralizestheembeddingorder, aswell astheprefix,suffix andfactororders.

It is well known that the embeddingorder ��� canbe representedusingshuffle: given two words�
	�� , ��� � � if f ���� � � . We extendthis definition to shuffle on trajectories,recentlyintroduced
by Mateescuet al. [16]. Particularcasesof thesegeneralizedembeddingrelationsaretheprefix, suffix,
factor and embeddingorders,as well as many binary relationsdefinedfor the purposesof studying
their associatedclassesof anti-chains.In this paper, we studythepropertiesof this classof generalized�
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embeddingrelations.Wefocusonpropertiesof binaryrelationsthatareof interestto thetheoryof codes.
Wealsoexaminethequestionof decidabilityof thesepropertiesfor particularclassesof our embedding
relations.

We alsoconsiderlanguageswhich areconvex with respectto thesegeneralizedembeddingorders.
We examinethe decidabilityof determiningwhethera languagesis convex with respectto oneof our
generalizedembeddingrelations.

2. Definitions

For additionalbackgroundin formal languagesandautomatatheory, pleaseseeYu [23] or Hopcroftand
Ullman [7]. Let � bea finite setof symbols,calledletters. Then � � is thesetof all finite sequencesof
lettersfrom � , whicharecalledwords. Theemptyword � is theemptysequenceof letters.Thelengthof
a word ������������������� � !� � , where � " !� , is # , andis denoted$ �%$ . Notethat � is theuniqueword
of length0. Givena word � !� � and & '� , $ �($ ) is thenumberof occurrencesof & in � . A language*

is any subsetof � � . By
*

, wemean� �,+ * , thecomplementof
*

. If
* � 	�-�-�-.	 *0/21 � � arelanguages,

we usethenotation 3 /"54,� * "
� * � * ������� *6/ . Giventwo languages
* � 	 * � 1 � � , the(right-) quotientof* � by

* � is denoted
* ��7 * � andis givenby* �.7 * �8��9 �:;� �=<?> �@ * � suchthat �A�B * �DC -

We refer thereaderto theappropriatechapterof Rozenberg andSalomaa[18] for thedefinitionsof
the regular, linear context-free (LCFL) andcontext-free languages(CFLs). We denotethe familiesof
regular, linearcontext-freeandcontext-freelanguagesby REG, LCF andCF respectively.

Wedenoteby E thesetof naturalnumbers:EF��9.G 	IHJ	LKM	�-�-�- C - Givenalphabets�N	LO , amorphismis
afunction P < � � Q O � satisfyingP
R �A�TS ��P
R �US P
R �VS for all �,	��@;� � . GivenamorphismP < � � Q O �
anda language

*W1 � � , thenthe imageof
*

under P is given by P,R * S �X9YP,R �ZS < �[ * C , while if*]\^1 O � , theinverseimageof
*]\

under P is definedby PZ_ � R *0\ S ��9 �`a� � < P
R �ZSb *]\ C .
Theshuffle on trajectoriesoperationis a methodfor specifyingthewaysin which two input words

maybecombinedto form a result.Eachtrajectory c  9.G 	IH C � with $ c�$ de��# and $ cI$f���hg specifiesthe
mannerin whichwe canform theshuffle on trajectoriesof wordof length # (astheleft input word)andg (astheright input word). Theword resultingfrom theshuffle along c will have a letter from the
left input word in position i if the i -th symbolof c is 0, anda letterfrom theright input word in positioni if the i -th symbolof c is 1.

We now recall the formal definition of shuffle on trajectories,originally given by Mateescuet al.
[16]. Shuffle on trajectoriesis definedby first definingtheshuffle of two words � and � overanalphabet� on a trajectoryc  9.G 	IH C � . Wedenotetheshuffle of � and � alongtrajectoryc by � jk� .

If � ��& � \ , � ��l � \ (with & 	 l `� ) and cm�hn�c \ (with n  9.G 	IH C ), then

� �ojqp � � r &^R � \ jqp l � \ S if nN��GtslDRu& � \ jqp � \ S if nN� HJ-
If � ��& � \ ( & a� ), � ��� and c]��n�c \ ( n  9.G 	IH C ), then

� �oj p �8� r &^R � \ jqp � S if n���Gtsv
otherwise.
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If � ��� , � ��l � \ ( l a� ) and c]��nIc \ ( n  9.G 	IH C ), then

� �wjqp � � r lJRx� jqp � \ S if n�� H sv
otherwise.

We let � yz� � v if 9 �,	�� C@{��9Y�|C . Finally, if � � � ��� , then � j �8��� if c]��� and
v

otherwise.
It is not difficult to seethatif c0� 3 �"q4,� GI}�~ H / ~ for some#��FG and �I" 	L� "m��G for all H?� i � # , then

wehave that

� jk� ��9 ��"54,� � " � " < � �
��
"54,� � " 	�� �

��
"54,� � " 	 with $ � "�$z�=��" 	 $ � "�$k� � " for all He� i � #�C

if $ � $��W$ cI$ d and $ � $��W$ cI$f� and � jk� � v if $ � $A{�W$ cI$ d or $ � $^{�W$ cI$f� .
Weextendshuffle on trajectoriesto sets� 1 9.G 	IH C � of trajectoriesasfollows:

� �?� �X�ju�.� � jD�^-
Further, for

* � 	 * � 1 � � , wedefine * � � * ��� �� �J�V�� �D�t�
� �?�A-

Notethat,e.g.,if ����RuGN� H.S � , then � is theusualshuffle operation .
We will alsorequirethe following definition, introducedindependentlyby the author[2] andKari

andSośık [12], calleddeletionalongtrajectories, which modelsdeletionoperationscontrolledby a set
of trajectories.

Informally, a trajectoryc  9.� 	 i�C � will denotethemannerin whichaword � maybedeletedfrom a
word � . If $ � $��W$ cI$ andthesymbolsof � occurin orderin thepositionsof � correspondingto thepositions
of c equalto � , the resultingword is thesymbolsof � which occurin thepositionscorrespondingto c
equalto i .

Let �
	��!�� � bewordswith � ��& � \ , � ��l � \ ( & 	 l �� ). Let c  9Ii 	 �VC � suchthat cN��nIc \ withn  9Ii 	 �TC . Thenwe define����jU� , thedeletionof � from � alongtrajectoryc , asfollows:

�%��jZ� � ���
��
&ZR � \ � j p l � \ S if n��FiLs� \ � jqp � \ if n���� and &���lYsv

otherwise.

Also, if � ��& � \ ( & ;� ) and c]��n�c \ ( n  9Ii 	 �TC ), then

�2��j �8� r &ZR � \ � jqp � S if n��Fi�sv
otherwise.

If � {��� , then ���hy,� � v . Further, � ��jU� ��� if c0� � ��� . Otherwise,� ��jZ� � v .
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Let � 1 9Ii 	 �TC � . Then �2����� � �ju�Y� �2�hjU�A-
Weextendthis to languagesasexpected:Let

* � 	 * � 1 � � and � 1 9Ii 	 �VC � . Then

* � ��� * ��� �� �J�V�� �D�t�
�%�����^-

We now cometo the main definition of the paper. For � 1 9.G 	IH C � , define � � as follows: for all�
	��@a� � , � � � �W��� �@�� � � � -
We notethattheanalogousrelationto � � for infinite wordsand � -trajectorieswasdefinedby Kadrieet
al. [11], andits propertieswerebriefly investigated.While someresultsaresimilar(e.g.,ourLemma3.9),
mostof theresultsarefundamentallydifferent,andKadrieetal. donotinvestigatetheanalogousrelations
with thesameamountof detailasbelow. Kadrieetal. alsodonotappearto bemotivatedby codingtheory
atall.

Therehasbeenmuch researchinto � � for particular � 1 9.G 	IH C � , including the following four
well-known examples:

(a) for ����G � H � , � � is theprefix order, givenby � � ��� if f � � � � for some� a� � ;
(b) for ��� H � G � , � � is thesuffix order, givenby � � ��� if f � ��� � for some� a� � ;
(c) for ��� H � G � H � , � � is thefactororder, givenby � � ��� if f � � � � �A� � for some� � 	�� � a� � ;
(d) for ���WRuG�� H.S � , � � is theembeddingorder, givenby � � � � if f �B�� � � .

Several otherbinary relationshave alsobeendefinedby, e.g.,Kari andThierrin [13], Long [14] and
Thierrin andYu [22] for the purposeof investigatingtheir associatedanti-chains.Theserelationsand
theirassociatedanti-chainswill beinvestigatedin acompanionpaper[3].

We immediatelynotethatif � � 	 �Z� 1 9.G 	IH C � aresetsof trajectories,thereis not necessarilya setof
trajectories� suchthat � � ��� �z�T¡ � �J� , i.e.,suchthat � � �e����� R � � ���t�VSM¢ R � � �D�£�TS . For instance,
for ¤¥��G � H � and ¦'� H � G � , therelation ��§ ¡ ��¨ is givenby ��© , where�`��©b� if f thereexist ª 	�«@`� �
suchthat � � � ª;� «¬� . This relationcannotberepresentedby a setof trajectories(for a discussionof��© , seeShyr[19, Ch.8]).

3. Propertiesof �®
We now investigatesomeof thepropertiesof thebinaryrelations� � . In what follows, we will refer to� having aproperty¤ if f � � hasproperty ¤ .
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3.1. Anti-Symmetry

First,we notethat � � alwaysgivesananti-symmetricbinaryrelation:

Lemma 3.1. Let � 1 9.G 	IH C � . Therelation � � is anti-symmetric.

Proof:
Let �,	��'[� � besuchthat � � �@� � �@� . Thenlet c¯� 	 c°�  � and ± 	�²h�� � besuchthat �=³� j � ±
and ��F� j´�^² . By definition of shuffle on trajectories,$ � $,�µ$ � $z�W$ ±b$ and $ � $ �¶$ � $��W$ ² $ . Thus,$ ±b$£�·$ ² $V�¥G , i.e., ±�� ² �¥� . But now �¸'� ju� � , which impliesthat � � � , againby definitionof
shuffle on trajectories. ¹º
3.2. Reflexiveness

Lemma 3.2. Let � 1 9.G 	IH C � . Then � is reflexive iff G � 1 � .

Proof:
Let G � 1 � . Then �»!� d|¼ ½|¼ � , i.e., � � �B� . Thus � � is reflexive. For theconverse,let �¸¸� ��� �
for all �`a� � . Thenclearly GT¾ � ¾  � for all �:;� � , which implies G � 1 � . ¹º
Corollary 3.1. GivenaCF set � 1 9.G 	IH C � of trajectories,it is decidablewhether� is reflexive.

Proof:
Let � \ ��� ¡ G � , which is aunaryCFL, andthusregular. In fact,if � is effectively context-free,then � \
is effectively regular. Wecanthentesttheequality G � ��� \ . ¹º
3.3. Positivity

A binaryrelation ¿ on � � is saidto bepositive if �À¿ � for all �:;� � .
Lemma 3.3. Let � 1 9.G 	IH C � . Then � is positive iff H � 1 � .

Proof:
Let H � 1 � . Then ª  � � ¼ Á.¼ ª for all ª '� � , whereby�À� � ª , as H ¾ Âz¾  � . Thereverseimplicationis
similarly established. ¹º
Corollary 3.2. GivenaCF set � 1 9.G 	IH C � of trajectories,it is decidablewhether� is positive.

3.4. ST-Strictness

ShyrandThierrin [21] definetheconceptof astrictbinaryrelation.To avoid confusionwith theconcept
of a strict ordering(see,e.g.,Choffrut andKarhum̈aki [1, Sect.7.1]), we will call a binaryrelation ¿ on� � ST-strict if it satisfiesthefollowing four properties:

(a) ¿ is reflexive;

(b) ¿ is positive;
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(c) for all ª 	�«@a� � , ª2¿ « implies $ ªm$ � $ « $ ;
(d) for all ª 	�«@a� � , ª2¿ « and $ ª�$k�Ã$ « $ implies ªÄ� « .

We now consider� suchthat � � is ST-strict. We first notethatconditions(c) and(d) aresatisfied
by all � . Indeed,if ª%� �B« , then «a ª ��� � , which impliesthat $ « $^��$ ªm$ . Further, if $ ªm$V�Å$ « $ , thenª?� ��« impliesthat «Æ ª � � , which impliesthat ªÄ� « .

Thus,aswe alreadyhave necessaryandsufficient conditionson � beingreflexive andpositive, the
following resultsareimmediate:

Corollary 3.3. Let � 1 9.G 	IH C � . Then � is ST-strict iff G � � H � 1 � .

Corollary 3.4. GivenaCF set � 1 9.G 	IH C � of trajectories,it is decidablewhether� is ST-strict.

3.5. Cancellativity

A binaryrelation ¿ is saidto beleft-cancellative (resp.,right-cancellative) if ª « ¿]ª � implies « ¿ � (resp.,« ª�¿ � ª implies « ¿ � ). Therelation ¿ is cancellative if it is bothleft- andright-cancellative.
Given � 1 9.G 	IH C � , we definetwo setsof trajectories,ÇMRÈ� S¯	uÉ RÈ� S 1 9.G 	IH C � , asfollows:É RÈ� S � 9Ic � H } < c � c �  � 	 G � � � $ c � $fC 	ÇMRÈ� S � 9 H } c�� < c¯��c��  � 	 G � � � $ cL�D$fC -

Lemma 3.4. Let � 1 9.G 	IH C � . Then � is left-cancellative (resp.,right-cancellative) if Ç¬RÈ� S 1 � (resp.,É RÈ� S 1 � ).

Proof:
We establishthe result for left-cancellativity only; the othercaseis symmetric. Let ÇMRÈ� S 1 � . Then
let ª 	�«A	��Ã�� � be suchthat ª « � � ª � . Let c  � and ± �� � be chosenso that ª �W ª « j ± .
Write c?��c � c � and ±���± � ± � so that ª �� RÊª ju� ± � S R « j´� ± � S . Let ² � 	�² � �� � be chosenso that² �  ª ju� ±0� , ² � �« j´� ± � and ª � � ² � ² � . As $ ² �D$z�W$ ª�$��h$ ±0�D$M��$ ªm$ , thereexists Ë a� � suchthatªVË�� ² � and � ��Ë ² � . Notethat $ Ëm$ � $ ² � $��W$ c � $ . Thus,�` ËmR « j � ±,� S¯-
Let c�Ì�� H ¾ Íz¾ c°�  ÇMRÈ� S . By assumption,c�Ì  � . Further,�:�« j5Î ËZ±,� -
Weconcludethat « � � � . ¹º
Corollary 3.5. Let � 1 9.G 	IH C � . If Ç¬RÈ� S
ÏÐÉ RÈ� S 1 � , then � is cancellative.

Wenow consideraconditionof Jürgensenetal. [10]. Saythatabinaryrelation ¿ on � � is leviesque
if ª « ¿ �£� impliesthat ª2¿ � or « ¿ � , for all ª 	�«A	��
	��Äa� � .
Lemma 3.5. Let � 1 9.G 	IH C � . If Ç¬RÈ� SUÏ2É RÈ� S 1 � , then � is leviesque.
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Proof:
Let Ñ�ÇZ� �N�A� . Thenthereexist c  � and ± ;� � suchthat �£�@ Ñ�Ç j ± . Thenthereexist factorizationscb��c¯��c�� , ±=�¥±]�L± � suchthat �£�a RÊÑ j � ±]� S RxÇ j � ± � S . Let ² � 	�² � »� � besuchthat ² �  Ñ j � ±]� ,² �  Ç j´� ± � and �£� � ² � ² � . Therearetwo cases:

(i) If $ � $M��$ ² �D$ , thenthereexists Ë `� � suchthat � � ² ��Ë andË � � ² � . Notethat $ Ë]$ � $ ² �z$��Ã$ c���$ .
Considerthat � � ² ��Ë  RÊÑ ju� � ¼ Ò�¼ ±0�°Ë S . As c¯� H ¾ Íz¾ (É RÈ� S 1 � , Ñ0� ��� .

(ii) If $ � $ � $ ² �D$ , thereexists Ë ;� � suchthat � Ë`� ² � and � ��Ë ² � . Notethat $ Ëm$ � $ ² �D$¬��$ c¯�D$ . In
this case,� ��Ë ² �  RxÇ ��¼ Ò�¼ j´� Ë^± � S . Thus,as H ¾ Íz¾ c �  ÇMRÈ� S 1 � , we have Çm� � � .

Thus, Ñ�Ç�� ���£� implies RÊÑ8� ���ZS or RxÇ0� �(�VS . ¹º
3.6. Compatibility

Let ¿ bea binary relationon � � . Thenwe saythat ¿ is left-compatible(resp.,right-compatible) if, for
all ª 	�«£	 � a� � , ª2¿ « impliesthat ��ª2¿�� « (resp.,ªA�!¿ « � ). If ¿ is bothleft- andright-compatible,we
sayit is compatible.

Lemma 3.6. Let � 1 9.G 	IH C � . Then � is right-compatible(resp.,left-compatible)iff ��G � 1 � (resp.,G � � 1 � ).

Proof:
Weestablishtheresultfor right-compatibility. Theresultfor left-compatibilityis symmetrical.

Let ��G � 1 � . Let ª 	�«£	 � a� � with ª,� �8« . Thenthereexist c  � and ± a� � suchthat «B ª j ± .
As c \ �Fc°GT¾ Ó ¾  � , « �  ªA� jqp ± . Thus ª£�¸� ��« � .

Assumethat �NG � is not a subsetof � . Thenthereexist c  � and i  E suchthat c°G " 7 � . Let����$ cI$ d and � �W$ cI$f� . Considerthat GI}k� � c , as c  GI} jVH / . However, GI}T�5G " { � � cD�5G " , asc�G "  GI}ÕÔ " �ÆH /
would imply that c°G "  � . Thus, � is not right-compatible. ¹º

Thefollowing corollaryis immediate;it is identicalto theconditionthat ��G � Ï G � � 1 � :

Corollary 3.6. Let � 1 9.G 	IH C � . Then � is compatibleiff G � ��G � 1 � .

Corollary 3.7. Given a regular set � 1 9.G 	IH C � of trajectories,it is decidablewhether � is (left- or
right-) compatible.

To prove theundecidabilityof compatibility for LCFLs, we will applya meta-theoremof Hunt and
Rosenkrantz[8, Thm.2.10],whichwe recallfirst:

Theorem 3.1. Let ¤ beapredicateon LCF over � � suchthat ¤ÆR � � S holdsandtheset

9 * \ < * \ � � Ł 	��`;� Ô 	 *  LCF and ¤ÆR * S C
is apropersubsetof LCF. ThengivenaLCFG Ö , it is undecidablewhether¤ÆR * R×Ö S�S holds.

Lemma 3.7. Givenasetof trajectories�  LCF, it is undecidablewhether� is (left- or right-) compat-
ible.
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Proof:
Weprove only thecasefor left-compatibility; theothercasesaresimilarandareleft to thereader. First,
we notethat ����9.G 	IH C � is left-compatible.

Let ����9.G � H � < #»�FGMC . We claim that thereis no LCFL � \ 1 9.G 	IH C � and c  9.G 	IH CYÔ suchthat�Ã�¥� \ 7Yc . Assumethat thereweresuch � \ 	 c . Thenas �  �W��� \ 7Yc , we musthave c  � \ . As � \ is
left-compatible,we have that GJc  � \ . Thus G  � \ 7Yc0��� , acontradiction.Thus,theset

9�� <e>
left-compatibleLCF � \ 1 9.G 	IH C � 	 c  9.G 	IH C Ô suchthat ���F� \ 7Yc¯C

is apropersubsetof theLCFLs. Therefore,we mayapplyTheorem3.1,andit is undecidablewhethera
givenLCF setof trajectoriesis left-compatible. ¹º
3.7. Transitivity

Wenow considerconditionson � whichwill ensurethat � � is a transitive relation.Transitivity is often,
but not always,a propertyof the binary relationsdefiningthe classiccodeclasses.For instance,both
bi-prefix andoutfix codesaredefinedby binaryrelationswhich arenot transitive, andhencenot partial
orders.We now give necessaryandsufficient conditionson a set � of trajectoriesdefininga transitive
binaryrelation,andexaminetheassociateddecidabilityproblem.

First, we definethreemorphismswe will need.Let Øµ�·9 �,	��A	�Ù C and Ú 	�ÛZ	�Ü < Ø ��Q 9.G 	IH C � be
themorphismsgivenby

Ú8R �US � G 	·Û R �US � G 	�Ü R �US � G 	ÚbR �VS � G 	ÝÛ R �VS � HJ	ÞÜ R �VS � HJ	
ÚbR Ù¬S � HJ	ßÛ R Ù¬S � � 	àÜ R ÙMS � HJ-

Notethatthesemorphismsaresimilar to thesubstitutionsdefinedby Mateescuetal. [16], whosepurpose
is to give necessaryandsufficient conditionson a set � of trajectoriesdefininganassociative operation.
Indeed,our condition is a weakeningof their conditions,which, intuitively, reflectsthe fact that any
associative operationdefinesa transitive binaryrelation(note,however, that ��� H � G � H � is transitive but
notassociative).

Theorem 3.2. Let � 1 9.G 	IH C � . Then � is transitive iffÜ RxÚ _ � RÈ� SU¡áÛ _ � RÈ� S�S 1 � - (1)

Proof:
( � ): Let � defineatransitivebinaryrelation.Let � �Ü RxÚ _ � RÈ� SD¡�Û _ � RÈ� S�S . Thenthereexist cL� 	 c°�  �
suchthat � �Ü RxÚ0_ � RÊcL� SÀ¡ÄÛ _ � RÊc°� S�S . Let c  Ú0_ � RÊcL� SU¡áÛ _ � RÊc°� S bechosensothat � �Ü RÊc S .

Considerc � . Let #  E and ± " 	�² "  E bechosenfor H�� i � # sothat

c � � ��
"54,� Gkâ ~ H|ã ~ -

Notethat Ú _ � RÊc¯� S � ��
"54,� R � � �VS â ~ Ù ã ~ -



M. Domaratzki/ Trajectory-BasedEmbeddingRelations 9

As c  Ú0_ � RÊc � S , and c ¸Û _ � RÊc � S , by definitionof Û , we musthave that c � � 3 �"54,� Ç " for Ç "  9.G 	IH C �
satisfying $ Ç."�$ �ä±," . Thus,we have that $ c°�z$ �å$ c¯�Y$ d . Furthermore,c  R �¬æ � j´�£�Jæ � S ju�VÙIæ Î , whereÉ �6�W$ c°�z$ d , É ���W$ c��z$f� andÉ Ì��W$ cL�D$f� . Considernow that � :Ü RÊc S , sothat

�  RuG æ � j´� H æ � S ju�UH æ Î -
Clearly, G æ � j � H æ � �Fc°� . Thus, �  c°� j � H æ Î , aswell. By definition,wethenhave that G æ � � � c°�M� � � .
By thetransitivity of � , G æ � � � � , i.e.,

�  G æ � � 9.G 	IH C � -
Note that $ �($ � � É � � É Ì and $ �%$ d � É � . The only word « over 9.G 	IH C suchthat �  G æ � � « is« � H�æ � Ô æ Î (regardlessof � ). That is, �  G æ � �ÆH�æ � Ô æ Î . But from this, we musthave that �  � .
Thus,we have that Ü RxÚ0_ � RÈ� SU¡áÛ _ � RÈ� S�S 1 � .

( � ): Assumethat Ü RxÚ _ � RÈ� SV¡%Û _ � RÈ� S�S 1 � . Let ª 	�«£	 � a� � besuchthat ª�� �?« and « � � � . We
wish to show that ª2� � � . Let cL� 	 c°�  � and çz� 	 çY� ¸� � besuchthat � �« j � ç�� and «` ª j � çY� .
Thus, �  RÊª j´� çD� S ju� ç�� . Note thenthat $ c¯�D$ d:�è$ c°�k$ . Let #  E and ±," 	�² "  E be chosenforH�� i � # sothat

c¯�0� ��
"54,� G â ~ H ã ~ -

Furthermore,let c°����3 �"54,� ÇI" beso that $ ÇI"�$^�W±," for all HÆ� i � # . For all HÆ� i � # , let ék" bethe
wordobtainedfrom ÇI" by replacingG with � and H with � , i.e., 9Iék"�C�� Û _ � RxÇI" SÀ¡ 9 �,	�� C � . Thenlet

cm� ��
"q4,� ék" Ù ã ~ -

Wecanverify that ÚbRÊc S �Fc¯� and Û RÊc S �Fc�� . Thus,c  Ú0_ � RÊcL� S.¡�Û _ � RÊc°� S . Let c \ � Ü RÊc S . By assumption,c \  � , andwe furthernotethat

c \ � ��
"54,� Ç." H ã ~ -

We now definea morphism P < Ø �'Q 9.G 	IH C � given by P
R �US �ê� , P,R �TS �åG and P
R Ù¬S � H . Letç  çD� ëJì j´í çz� . Thenwe canverify that �  ª jqp ç 1 ª ��� � . Thus, ªÐ� � � asrequired. ¹º
Corollary 3.8. Givena regularset � 1 9.G 	IH C � of trajectories,it is decidablewhether� is transitive.

Proof:
Sincetheregular languagesareclosedundermorphismandinversemorphism,andinclusionof regular
languagesis decidable,we candeterminewhethertheinclusion(1) holds. ¹º

Thefollowing decidabilityresultalsoholds,sincewe candeterminewhether�Ãî�G � and(1) holds
if � is regular:

Corollary 3.9. Given a regular set � 1 9.G 	IH C � of trajectories,it is decidablewhether� � is a partial
order.
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Wenow turn to undecidability:

Theorem 3.3. GivenaCF set � 1 9.G 	IH C � of trajectories,it is undecidablewhether� is transitive.

Proof:
Let ¤���RÊª
� 	 ªA� 	�-�-�-I	 ªA�As « � 	�« � 	�-�-�-I	�« � S beaPCPinstance.Define* �ï� 9.G H " � G H " � �����ÕG H "ñð G � Ô � H � Ô � ªA"ñð0ª£" ð,ò � �����Lª£" � < gß� HJ	IH?� i æ � # 	IHe�;É:� g;C�s* � � 9.G H " � G H " � �����ÕG H " ð G � Ô � H � Ô � « " ð « " ð,ò � ����� « " � < gß� HJ	IHÐ� i æ � # 	IHe�'É:� g;C -
Let óô� * � ¡ * � . It is easyto seethat ¤ hasa solutioniff óõ{� v

. Let ����9.G 	IH C � + ó . Thus, ¤ has
no solutionsiff ����9.G 	IH C � . It is easilyverifiedthatthat � is aCFL.

We now show that ¤ hasno solutionsiff � is transitive. If ¤ hasno solutions,thenclearly �ä�9.G 	IH C � is transitive.
Assumethat ¤ hasa solution.Thenthereis someword

c]��G H " � G H " � �����LG H " ð G � Ô � H � Ô � ª£"qð0ªA" ð
ò � ������ª£" � 7 � -
Notethat R * � Ï * � S
¡ G � RuG�� H.S � � v , since gô� H , and i æ � H for all H2�!É;� g . Thus,we have

that c¯�6��GkG H " � _ � G H " � �����ÕG H " ð G � Ô � H � Ô � ªA"qð]ª£" ð,ò � ������ª£" � 7 ó 1[* � Ï * � -
Thus c¯�  � . Let ±¸��$ c¯�Y$ d . Notethatas #!� H , certainly $ � $f��� K for all �� * � Ï * � . Thus,we havec � �FG H G â _ �  � .

Assumenow that � is transitive, contraryto whatwe wantto prove. By (1), as c¯� 	 c°�  � , we must
have that Ü RxÚ0_ � RÊc¯� SU¡áÛ _ � RÊc°� S�S 1 � . But it is easyto verify that c �Ü RxÚ0_ � RÊcL� SÀ¡ÄÛ _ � RÊc°� S�S , which is a
contradiction.Thus, � is not transitive.

Therefore¤ hasa solutioniff � is not transitive, andwe concludethat it is undecidablewhether�
is transitive. ¹º

Consider, by (1), or by directobservation,thatif 9��Z"wCI" �Jö is a family of transitive setsof trajectories,
thentheset ¡ " �Jö � " is alsotransitive. Thus,wecandefinethetransitiveclosureof aset� of trajectoriesas
follows: for all � 1 9.G 	IH C � , let coÑVRÈ� S �¥9�� \ 1 9.G 	IH C � < � 1 � \ 	 � \ transitiveC . Notethat c�ÑVRÈ� S {� v ,
as 9.G 	IH C �  c�ÑVRÈ� S for all � 1 9.G 	IH C � . Define ÷� as

÷��� ø�£p´�Yjqù ì �Zí � \ -
Thennotethat ÷� is transitiveandis thesmallesttransitive setof trajectoriescontaining� . Theoperation÷ � < K�ú dÕûü��ý � Q K�ú dÕûü��ý � is indeeda closureoperator(muchlike theclosureoperatorson setsof trajectories
constructedby Mateescuet al. [16] for, e.g., associativity andcommutativity) in the algebraicsense,
since� 1 ÷� , and ÷ � preservesinclusionandis idempotent.

A partialorderis saidto beadivisionordering[1] if it is positive andcompatible.

Lemma 3.8. Let � 1 9.G 	IH C � beapartialorder. If � is adivision ordering,then ���WRuG�� H.S � .
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Proof:
Let þ��hG � H � G � . As � is positive andcompatible,then ��î H � and ��î�G � ��G � . Thus, ��î�þ . As � is
apartialorder, then � is transitive. Thus, ���ÿ÷��îõ÷þ���� . Theresultfollows. ¹º

Considertheoperator� � < K ú dÕûü��ý � Q K ú dÕûü��ý � givenby

� � RÈ� \ S ��� Ï � \ ÏBÜ R Û _ � RÈ� \ SÀ¡ Ú _ � RÈ� \ S�S¯-
By definitionof � � , any fixedpoint � � RÈ�Zd S ���Zd contains� andis transitive. Thenwe havev 1 � � R v S ��� 1 � �� RÈ� S 1 � Ì� RÈ� S 1 ����� 1 ÷� -
Sincethe operationsof � -free morphism,inversemorphism,union andintersectionaremonotoneand
continuous[17], � � is monotoneandcontinuousandthus ÷� is the leastupperboundof 9�� "� R v S CI"��£d .
Thus,given � , we canfind ÷� by iteratively applying � � to � , andin fact

÷��� �"��£d � "� RÈ� S¯-
Thisobservationallowsusto construct ÷� , and,for instance,givesusthefollowing result(asimilar result
for � -trajectoriesis givenby Kadrieet al. [11]):

Lemma 3.9. Thereexistsa regularsetof trajectories� 1 9.G 	IH C � suchthat ÷� is notaCFL.

Proof:
Consider����RuG H.S � , correspondingto perfector balancedliteral shuffle. Thenwe notethat ÷� ¡ G H � �9.G H ��� _ � < #�� H C . ¹º
OpenProblem3.1. Given �  REG (or �  CF), is it decidablewhether ÷�  CF?

3.8. Monotonicity

A binaryrelation ¿ on � � is saidto bemonotone(see,e.g,Ehrenfeuchtet al. [4, p. 315]) if � � �Æ� andª � �e« implies � ª � ���M« for all �
	��^	 ª 	�«@a� � . Occasionally, theconceptof monotonicityis includedas
arequirementin compatibility, but weseparatethetwo conceptsherefor clarity. Wenotethatmonotone
hereis aconditionon � , ratherthanthemonotonicityof theoperation � , whichholdsfor all � .

Lemma 3.10. Let � 1 9.G 	IH C � . Then � is monotoneiff � � 1 � if f ����� � .
Proof:
Thefactthat � � 1 � if f ���F� � is obvious.Thus,we establishthat � is monotoneiff � � 1 � .

Assumethat � � 1 � . Let � "À� �a� " for iá� HJ	LK . Let c�"  � and ±
" ·� � be chosenso that� " :� " j ~ ± " for i�� HJ	LK . Thenas c � c �  � , we have thefactthat � � � � `� � � � ju�×j´� ± � ± � impliesthat� � � � � �(� � � � . Thus � is monotone.
Assumethat � is monotone.Let c � 	 c �  � bearbitrary. Let # " ��$ c " $ d and g " �·$ c " $ � for i6� HJ	LK .

Thus,we have that G � ~T� � c�" for i8� HJ	LK . By themonotonicityof � , G � � Ô � � � � c¯��c°� . Thus,thereexistc  � and ±  9.G 	IH C � suchthat c¯��c��  G � � Ô � � j ± . But it is now clearthat ±'� H	� � Ô � � and c]��c¯��c�� .
Thus cL��c°�  � and � � 1 � . ¹º
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Thefollowing corollaryis immediate,sinceit is decidablewhether� � ��� for regularlanguages.

Corollary 3.10. Givena regularset � of trajectories,it is decidablewhether� is monotone.

Wealsohave thefollowing undecidabilityresult:

Lemma 3.11. GivenaLCF set � 1 9.G 	IH C � of trajectories,it is undecidablewhether� is monotone.

Proof:
We applyTheorem3.1. First, we notethat ���Ã9.G 	IH C � is monotone.Further, we notethat theLCF set
of trajectories����9.G � H � < #���GMC is notexpressibleas ���F� \ 7Yc for any monotone� \A1 9.G 	IH C � andc  9.G 	IH C Ô (Indeed,if thiswerethecase,thenas �  � , c  � \ . As � \ ��RÈ� \ S � , wehave that c � 	 c Ì  � \
and c 	 c �  � . But theonly waythiscanhappenis if c]��� ). Therefore,it is undecidablewhetheragiven
LCF setof trajectoriesis monotone. ¹º

We cannow considerthe monotoneclosureof a set � of trajectories,much in the sameway we
consideredthetransitive closurein Section3.7. However, we do not needthesamelevel of detail,since
it is clearthatthemonotoneclosureof � is � � . Thus,we have thefollowing result:

Lemma 3.12. Let � 1 9.G 	IH C � be a regular (resp.,CF, CS, recursive) set of trajectories. Then the
monotoneclosureof � is alsoa regular(resp.,CF, CS,recursive) setof trajectories.

3.9. Well-Foundedness

A partial order ¿ is saidto be well-founded(see,e.g.,Choffrut andKarhum̈aki [1, Sect.7.1]) if every
strictly descendingchain under ¿ is finite. We note that for relationsdefinedby setsof trajectories,
well-foundednessis implied by partialorders(andevenby reflexive binaryrelations):

Theorem 3.4. Let � 1 9.G 	IH C � beapartialorder. Then � � is awell-foundedpartialorder.

Proof:
Let � beapartialorder. Then � is reflexive. Let 9I� "�CI"
�U� beadescendingchain,i.e., � " Ô �Z� � � " for alli8� H . Then $ � " Ô � $ � $ � " $ for all i6� H . Let óô�Ã$ � � $ . Thus, $ � " $ � ó for all i6� H . Thus,thereexists�Æ� H suchthat $ � } $��Ã$ � }¯Ô �Y$ . In particular, this impliesthat � } �F� }ÕÔ � , andsoby thereflexivity of � ,� } � � � }¯Ô � . Thus, 9I� "wCI"��U� is notaninfinite strictly descendingchain. ¹º
4. Convexity

Wecall a language
*�1 � � � -convex if, for all �B;� � and �
	�Ù� * , � � ��� and � � �ÆÙ implies �@ * .

We will requirethefollowing result.Let � < 9.G 	IH C � Q 9Ii 	 �TC � begivenby �ÀRuG S ��i and �ÀR H.S ��� .
Thefollowing lemmais independentlydueto theauthor[2] andKari andSośık [12]:

Lemma 4.1. Let � 1 9.G 	IH C � . Thenfor all �
	��^	�Ù�a� � , �aÄ� � Ù if f �@��2�� ì �^í Ù .
Wenow characterizewhena languageis � -convex usingshuffle anddeletionon trajectories.
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Lemma 4.2. Let � 1 9.G 	IH C � . Then
*�1 � � is � -convex iff R * � � � SÀ¡ R * � � ì �^í � � S 1[* .

Proof:
Let

*
be a � -convex language.Consideran arbitraryword �� R * �%� � S]¡ R * � � ì �Zí � � S . Then

thereexist � � 	�� �  * suchthat ���� � ��� � and ��F� � � � ì �^í � � . By Lemma4.1, we have that� � �� ��� � . Thus, � �V� �Ð� � �Ð� � . By the � -convexity of
*

, �: * . Thus,theinclusionis established.
Thereverseimplicationis similar. Let R * ��� � SÀ¡ R * ��� ì �^í � � S 1[* . Let � � 	�� �  * and �:;� �

be suchthat � � � � � � � � � . Then �F[� � � � � and � � �� � � � . Again, Lemma4.1 implies that�:�� � �� ì �^í � � . Thus, �` * , by ourassumedinclusion,and
*

is � -convex. ¹º
Corollary 4.1. Let � 1 9.G 	IH C � be reflexive. Then

*·1 � � is � -convex iff R * ��� � S]¡ R * �� ì �^í� � S � * .

Proof:
Weshow thatif � is reflexive, thenfor all

*[1 � � ,*[1 R * ��� � SÀ¡ R * � � ì �^í � � S¯- (2)

If � is reflexive,then G � 1 � and R * ��� � S î�R * d � 9Y�|C S � * . Further, if ��î[G � then �ÀRÈ� S î�i �
and R * � � ì �Zí � � S î�R * � " � 9Y�|C S � * . Thus,we have established(2). ¹º

Wenow turn to decidability:

Corollary 4.2. Let � 1 9.G 	IH C � bea regularsetof trajectories.Givena regular language
*

, it is decid-
ablewhether

*
is � -convex.

Proof:
As
* 	 � areregular, soare

* ��� � 	 * �� ì �^í � � and R * ��� � S
¡ R * �� ì �^í � � S . Thus,theinclusion
in Lemma4.2is decidable. ¹º

Theinterestingquestionof thecomplexity of � -convex languageswill beexaminedin thecompanion
paper[3].

5. Further Work

We have yet to find necessaryandsufficient conditionsfor a setof trajectoriesto be left-cancellative.
Furtherwork on thispropertyis necessaryin orderto obtaindecidabilityresults.

We canalsoconsiderthe classof codesdefinednot by shuffle on trajectories,but by splicing on
routes, a generalizationof shuffle on trajectoriesintroducedby Mateescu[15]. We definesplicing on
routesinformally asfollows: we expandour trajectoryalphabetto 9.G 	IHJ	 G 	 H C , with G 	IH retainingthe
samemeaning,and G 	 H meaning“discardthecurrentsymbolfrom the input word, andcontinue”. For
example,if � �h&tl�� , � ���¬n�� and c8��G H G G H H , thenwe denotethesplicingof � and � alongroute c by�����JjU� , andit is givenby �����Jj
� ��&M�¬n .

Wenotethatadditionalinterestingbinaryrelationsfrom theliteraturecanbemodeledusingsplicing
onroutes.For instance,we leave it to thereaderto verify thatif

����G � ��R G H.S � H Ô
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thentheassociatedbinary relation(definedin thesameway asfor shuffle on trajectories)is the length
ordering,givenby �a�����Æ� R�$ � $��¥$ � $ S or � � �^-

In a companionpaper[3] we will investigateanti-chainsunder � � . Particular instancesof these
anti-chainsaretheprefix-, suffix-, infix-, outfix-, shuffle- andhyper-codes.Theresultsobtainedin this
paperareusefulin proving propertiesaboutthesegeneralizedcodes.

6. Conclusions

Wehave investigatedthepropertiesof therelation � � , which is ageneralizationof theembeddingorder.
Characterizationsof thepropertiesof therelation � � areinvestigated,aswell astheirassociateddecision
problems.We have alsodefinedthenotionof convex languagesunderthe relation � � , andshown that
givenaregularsetof trajectoriesanda regularlanguage

*
, wecandetermineif

*
is convex with respect

to � .
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