
On Iterated Scattered DeletionMichael Domaratzki�School of Computing Queen's University,Kingston, ON K7L 3N6 Canadaemail: domaratz@cs.queensu.caIn this note, we solve an open problem of Ito et al. [2] on iterated scattereddeletion.Note: Since this note has appeared in Bull. EATCS, I have been informedthat this problem has been previously solved; see Ito and Silva [1], where theauthors show that there exists a regular language R such that (;)+(R) is not aCFL. I am grateful to Masami Ito for pointing me to this reference.Let � be an alphabet. The scattered deletion [3, 5] of two words x; y 2 ��,denoted by x; y, is de�ned asx; y = fx1x2 � � �xk : y = y1 � � � yk�1; x = x1y1x2y2 � � �xk�1yk�1xk; xi; yi 2 ��g:Thus, x ; y is the set of words which result from deleting y as a scatteredsubword from x. We extend this operation to languages L1; L2 � �� as follows:L1 ; L2 = [x2L1 [y2L2 x; y:For unexplained notions in formal language and automata theory, please see Yu[6]. For languages L1; � � � ; Lk, we use the notation Qki=1 Li = L1L2 � � �Lk.We now de�ne an iterated scattered deletion operation [2]. Let i � 1, L � ��.Then (;)i(L) is de�ned recursively as follows:(;)1(L) = L;(;)i+1(L) = (;)i(L); ((;)i(L) [ f�g) 8i � 1:Then the iterated scattered deletion operator (;)+(L) is given by(;)+(L) =[i�1(;)i(L):�Research supported in part by an NSERC PGS-B graduate scholarship.1



We also de�ne an auxiliary operation L1[;]iL2 which is de�ned recursively forall i � 0 as follows: L1[;]0L2 = L1;L2[;]i+1L2 = (L1[;]iL2); L2 8i � 1:We then set L1[;]�L2 =[i�0L1[;]iL2:Ito et al. [2] asked whether the regular languages are closed under (;)+. Weshow that they are not.Let k � 2 be arbitrary, and let �k = f�i; �i; 
i; �igki=1. Then we de�ne Lk � ��kas Lk = kYi=1(�i�i)� kYi=1(
i�i)� + k[i=1�i�i:We claim that(;)+(Lk) \ kYi=1 �+i kYi=1 
+i = f�i11 �i22 � � ��ikk 
i11 
i22 � � �
ikk : ij � 1g: (1)and that (;)+(Lk) cannot be expressed as the intersection of k � 1 context-freelanguages.We �rst establish (1). Let (i1; i2; � � � ; ik) 2 Nk . Then note thatkYj=1 �ijj kYj=1 
ijj 2 (� � � ( kYj=1(�j�j)ij kYj=1(
j�j)ij )[;]i1�1�1) � � �)[;]ik�k�k:This establishes the right-to-left inclusion of (1). We now show the reverse inclu-sion. First, note that if � 2 (;)+(Lk), then we can write � = x1x2 � � �xky1y2 � � � ykwhere xi 2 f�i; �ig� and yi 2 f
i; �ig�. To prove the left-to-right inclusion of (1),we will require the following stronger claim:Claim 1 Let x1x2 � � �xky1y2 � � �yk 2 (;)+(Lk) where xi 2 f�i; �ig� and yi 2f
i; �ig� for all 1 � i � k. Then for all 1 � i � k, the following equalities hold:jxij�i � jxij�i = jyij
i � jyij�i: (2)Proof. Let z = x1x2 � � �xky1y2 � � �yk 2 (;)+(Lk). Then there exists some i � 1such that z 2 (;)i(Lk). The proof is by induction on i. For i = 1, z 2 Lk. Thus,we see that either(a) for all 1 � ` � k, x` = (�`�`)j` for some j` � 0 and y` = (
`�`)j 0̀ for somej 0̀ � 0, in which case jx`j�` � jx`j�` = 0 = jy`j
` � jy`j�`; or2



(b) z = �`�` for some 1 � ` � k. Thus, jx`j�` � jx`j�` = �1 = jy`j
` � jy`j�` andxj = yj = � for all j 6= ` with 1 � j � k.Thus, the result holds for i = 1.Assume the claim holds for all natural numbers less than i. Let z 2 (;)i(Lk).Then there exists some � 2 (;)i�1(Lk) and � 2 (;)i�1(Lk) + � such that z 2� ; �. If � = �, then z = � and the result holds by induction. Thus, let� = u1u2 � � �ukv1v2 � � � vk� = s1s2 � � � skt1t2 � � � tkso that u`; s` 2 f�`; �`g� and v`; t` 2 f
`; �`g� for all 1 � ` � k. Then note thatfor all 1 � ` � k, jx`j�` = ju`j�` � js`j�`;jx`j�` = ju`j�` � js`j�`;jy`j
` = jv`j
` � jt`j
`;jy`j�` = jv`j�` � jt`j�`:Thus, by induction, we can easily establish that the desired equalities hold.We now show that (;)+(Lk) cannot be expressed as the intersection of k� 1context-free languages. Let CFLk be the class of languages which are expressibleas the intersection of k CFLs. The following lemma is obvious, since the CFLsare closed under intersection with regular languages.Lemma 2 CFLk is closed under intersection with regular languages.We will also require the following lemma:Lemma 3 Let L1; L2 2 CFLk be such that there exist disjoint regular languagesR1; R2 such that Li � Ri for i = 1; 2. Then L1 [ L2 2 CFLk.Proof. Let L1 = X1 \ � � � \ Xk and L2 = Y1 \ � � � \ Yk. Then without loss ofgenerality, we may assume that Xj � R1 and Yj � R2 for 1 � j � k; if not, wemay replace Xi with Xi\R1 and Yi with Yi\R2 as necessary. Both intersectionsare still CFLs.Thus, note that L1 [ L2 = (X1 [ Y1) \ � � � \ (Xk [ Yk). As Xi [ Yi 2 CFL,the result immediately follows.The following result is due to Liu and Weiner [4, Thm. 8]:Theorem 4 Let k � 2. Let L00k = f�i11 �i22 � � ��ikk �i11 �i22 � � ��ikk : ij � 0g. ThenL0k 2 CFLk � CFLk�1.However, we prove the following corollary, which will be more useful to us:3



Corollary 5 Let L0k = f�i11 �i22 � � ��ikk �i11 �i22 � � ��ikk : ij � 1g. Then L0k 2CFLk � CFLk�1.Proof. The su�ciency of k intersections is obvious, by Lemma 2. We proveonly the necessity of k intersections. The proof is by induction. For k = 2, theresult can be established by the pumping lemma. Let S � [k]. Denote by L(S)kthe language L(S)k = fYj2S �ijj Yj2S �ijj : ij � 1g:Further, note that L(S)k � (Yj2S �+j )2:Let RS = (Qj2S �+j )2. Then note that RS \ RS0 = ; for S; S 0 � [k] (includingthe possibility that S = [k]) with S 6= S 0.By induction, if S � [k], where the inclusion is proper, then L(S)k 2 CFLk�1.Assume that L0k can be expressed as the intersection of k� 1 CFLs. We thennote that L00k = L0k [ [S([k]L(S)k :By Lemma 3, L00k 2 CFLk�1, a contradiction. This completes the proof.Thus, we may state our main result:Theorem 6 For all k � 2, there exists an O(n2k�1)-density bounded regularlanguage Lk such that (;)+(Lk) cannot be expressed as the intersection of k� 1context-free languages.Proof. Let �k = f
i; �igki=1. Let hk : ��k ! ��k be given by hk(�i) = hk(
i) =�i for all 1 � i � k. Let Dk = (;)+(Lk). Let Rk = Qki=1 �+i Qki=1 
+i . IfDk 2 CFLk�1, then Dk \ Rk 2 CFLk�1 as well, by Lemma 2. We now claimthat this implies that hk(Dk \Rk) is in CFLk�1.Let X1; X2; : : : ; Xk�1 2 CFL be chosen so thatDk \Rk = \k�1i=1Xi:The inclusion hk(Dk \ Rk) � \k�1i=1 hk(Xi) is easily veri�ed. We now show thereverse inclusion. First, we may assume without loss of generality that Xj � Rkfor all 1 � j � k � 1. If not, let X 0j = Xj \ Rk. By the closure properties of theCFLs, X 0j 2 CFL, and we still have Dk \ Rk = \k�1i=1X 0i.Let x 2 \k�1i=1 hk(Xi). Let yi 2 Xi be such that hk(yi) = x for 1 � i � k � 1.By assumption, we can write yj = kYi=1 �`(j)ii kYi=1 
m(j)ii4



for some `(j)i ; m(j)i � 1 for 1 � i � k and 1 � j � k� 1. Thus, by de�nition of hk,hk(yj) = kYi=1 �`(j)ii kYi=1 �m(j)ii ;for all 1 � j � k � 1. As hk(yj) = x, for all 1 � j � k � 1, we must havethat `(j)i = `(j0)i and m(j)i = m(j0)i for 1 � i � k and all 1 � j; j 0 � k � 1. Thusy1 = � � � = yk�1 2 \k�1i=1Xi and thus x 2 hk(\k�1i=1Xi) = hk(Dk \ Rk). Thus,hk(Dk \Rk) = \k�1i=1 hk(Xi):As hk(Xi) is a CFL for all 1 � i � k � 1, hk(Dk \Rk) 2 CFLk�1. But now notethat hk(Dk \Rk) = L0k:This contradicts Corollary 5. Thus, Dk cannot be expressed as the intersectionof k � 1 CFLs.References[1] Ito, M., and Silva, P. Remarks on Deletions, Scattered Deletions andRelated Operations on Languages. In J. Howie et al., eds., Semigroups andApplications (1998), 97{105.[2] Ito, M., Kari, L., and Thierrin, G. Shu�e and scattered deletion closureof languages. Theor. Comp. Sci. 245 (2000), 115{133.[3] Kari, L. Deletion operations: Closure properties. International Journal ofComputer Mathematics 52 (1994), 23{42.[4] Liu, L., and Weiner, P. An in�nite hierarchy of intersections of context-free languages. Math. Sys. Th. 7, 2 (1973), 185{192.[5] Sântean, L. Six arithmetic-like operation on languages. Revue Roumainede Linguistique { Cahiers de linguistique th�eoretique et applique 25 (1988),65{73.[6] Yu, S. Regular languages. In Handbook of Formal Languages, Vol. I,G. Rozenberg and A. Salomaa, Eds. Springer-Verlag, 1997, pp. 41{110.
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