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Abstract

Let L(n,k,p,t) be the minimum number of subsets of size k
(k-subsetgof a set of size nnfse} such that any p-subsgttersects
at least one of these k-subsets in at least t elements. The value of
L(n,6,6,2) is determined for ©154.

1. Introduction

There are many lotteries in the world. Colbourn catalogues some of them in
his surveypaper[4]. Most of these lotterieare fairly new and people are
interested in devising efficiembttery betting schemes asidenced byseveral
recent papers [5],[6] an@®], by the marketing of many betting schenaesl by
several newsgroups on the internet.

The lotteries we refer to work in the following way. The government picks
p distinctrandomnumbers from a set of n numbeBefore this happens, the
peopleare allowed tobuy ticketsand choose k numbers péicket. If the p
numbers chosen by the government intersect the k numbers from a ticket in
exactly t numbers, then the buyer gets a prize.laitger tis, the greater the
prize. For very small values of t no prize is given. The question Ex&mined
in this paper is “how many tickets are required to be bought in ordguai@ntee
a buyer an intersection of t numbers and the prize that goes with it?”

More formally, we can defineD(n,k,p,t;j) to be a set of j k-subsetblgcks
or simplyk-set$ of a n-set such that any p-subset intersects at least one k-subset



in at least t elements. Léin,k,p,t) be the minimum number of blocks in any
LD(n,k,p,t;j). If the LD(nk,p,t;j) has j = L(n,k,p,t), then this will tealled a
minimal LD(n,k,p,t:j) and indicated byD*(n,k,p,t;j). The fundamental question
in this paper is what is L(n,k,p,t)?

2. History

The first results on this subjesteregiven by Bate in 1978 [1] but they
were little noticed. He proved and we state the following obvious lemma.

Lemma 2.1 L(nk,p,1) =[4n-p+1)/kJ

Since the problem hdseen solved for t = 1, weill always assume that
t> 1 in this paper. This will eliminate some annoying trivialities. It la@so
been observed, bynany, that a LD(nk.t,t) is &n,k,t)-cover and that a
LD(n,k,p,k) is a (n,p,k)-Turan Design. Afmn,k,t)-coveris a set of k-subsets
(blocks) of a n-set such that every t-subset occusoine k-subset. Afn,k,p)-
Turan Desigris a set of k-subsets (blocks) of an n-set suchdhaty p-subset
contains at least one of those k-subsets. The two configuraienselated as
follows.

Theorem 2.2 If the blocks of an (n,k,t)-covare complemented, then an
(n,n-t,n-k)-Turan Design is produced.

The minimum number of blocks in an (n,k,t)-covedanoted byC(n,k,t)
A very useful lower bound is the Schonheim bound [11].

Lemma 2.3 C(nk,t)=> m/k [n-1)/(k-1)..[n-t+1)/(k-t+1)J..C0T

Proof: Every element of the n-set must be contained in at least C(n-1,k-1,t-1)
blocks. Hence C(n,k,8 nC(n-1,k-1,t-1)/k. By Lemma 2.1 C(n,k,®) n/k and
the result follows by iteration. O

See Mullin & Mills [10] for a survey on coverand Turan designs and
Gordon et al. [7] forecentresults. The problem fdr(n,3,3,2) was firstsolved
by Bate in[1] andlater, independently, by Brouwer ifi3]. We useBrouwer's
formulation of the result.

Lemma 2.4 L(2m+1,3,3,2) = C(m,3,2)+C(m+1,3,2).
L(4m,3,3,2) = C(2m-1,3,2)+C(2m+1,3,2).
L(4m+2,3,3,2) = 2C(2m+1,3,2).

The next result from Furedi et 46] uses Turan's Theorem awdified by
Erdos in Bollobas[2].



Theorem 2.5
L(n,k,p,2)> min[a,+...+a,,=n] (a;[0a-1)/(k-1)F ... + a,,[(a, -1)/(k-1))/k

In order to get an upper bound, we can divide the n-set into p-1 parts of sizes
a,...,8.1. Foreachpart, constuct a an ;(g2)-cover. Now any p-subset meets
one of these (p-1) parts in at least 2 elemantksince there is @over oneach
part, any p-subset must intersect one of the blocks in 2 elements. Thus we can
state the following theorem.

Theorem 2.6
L(n,k,p,2)<s min[a,+...+a,,=n] (C(apk,2) + ... + C(a.,k,2))

We will call a design constructed in this way a “sum of disjoint covers”. In
many cases the two bounds meet and therefore determine the vaigrekab,2).
Some of theseasesare listed in Furedi etal.[6]. When this happens, the
minimum set {&...,8,} is usually the same for both Theorem &d Theorem
2.6 and each of the disjoint covers meets the Schonheim bidomever, most
minimal covers with k= 6 do not meet the Schonhelmundand in this case
ascertaining the value of L(n,k,p,2) is much more difficult. In the next section,
we give somegeneralresultsandthen in Section 4 wdind L(n,6,6,2) for
n < 54.

3. General Results

Before trying to find specific values of L(nk,p,t), we firspprove some
useful general results.

Lemma 3.1L(n,k,p,t) < L(n+1,k,p,t).

Proof: Assume L(n,k,p,t) > L(n+1,k,p,t)iConsider arLD*(n+1,k,p,t;w). Pick

an element, xand deleteevery occurrence dhat element from the design. To

the blocks whicthave been shortenedidany element, y, not in the block and

not equal to x. The element y exists because if it did not exist then k = n+1 and
k > n in a LD(n,k,p,t) which is &ontradiction. Clearly, the newesign has
fewer than L(n,k,p,t) blocks. This is a contradiction. O

The following lemma appears in [1]. It allows ushandleelements of the
n-set that occur in only one block in an efficient manner.

Lemma 3.2 If an LD(nk,p,t;b) exists with & n/k, then there exists an
LD(n,k,p,t;b) in whichevery element of thdesign occurs in
some block.

Proof: Since b> n/k, either every elememtccurs inthe designandthe lemma
is true orthere issome element, x, thatccurs in mordhan one blockand an
element, say y, that occurs in no block. Let A be one of the blocks containing



X, andreplacethe x in A with y. Themodified designmust also be a
LD(n,k,p,t;b). Toprovethis consider g-set, P, which intersects no k-set in a
t-set in themodified design. However, in the origindlesign Pdid intersect at
least one k-set in at least t elements. That Kxadtto be A andhat musthave
beenthe only k-setintersected by P in élements in the original desigfihen
that p-set must contain x but notapd must containexactly t-1 otheelements
from block A. But in that case the p-set (P-{X}{y} does not intersect ani-set

in at least t elements in the original design, which is a contradiction. So the
modified design isalso an LD(n,k,p,t;x). Ifthere are any more elements that
occur in no blocks, this modification can peateduntil all elementsccur in

at least one block of an LD(n,k,p,t;x). O

Next we will examineLotto Designs with t = 2very closely. We will
borrow some suggestive graph theory terminologyiriiependent seh a lotto
design is a set of elements, no pair of which occurs together in any block of the
design. It ismaximalif the setcannot beenlarged.The blocks containing
elements of a particulamaximal independentset are calledthe independent
blocks A maximum independentset has the largestardinality of any
independent set in a particular lotto design. The next Lemma is very useful.

Lemma 3.3 In any LD*(nk,p,2;w) with arindependenset of size p-1,
every element of the design muastur in the independenblocks of a maximal
independent set.

Proof: If an elementdoesnot occur in any block with some element of a
maximal independent set, then that satld be enlargedjiving anindependent
set of size p, which is a contradiction. O

The maximum size of aimdependenset when t = 2 is p-1. Let be the
number of elements in a lottdesignthat occur in i blocks. If | is an
independent set, let, e a vector, imon-decreasing order, tiie frequencies of
the elements in I.

Lemma 3.4 An LD*(nk,p,2;w) with n > k(p-2) implies thexistence of
an LD*(n,k,p,2;w) which has an independent set of size p-1.

Proof: If p = 2 the theorem is obviously true. For n > k(p-2) and p as8ume

that the size of the largestdependenset in any LD*(n,k,p,2;w) is andthat

b < p-1. Consider theLD*(n,k,p,2;w) which has the lexicographicallgast

vector A where the cardinality of | is b. Sinewveryelement of thedlesignmust

occur inthe independenblocks, if every independentlementhad frequency 1

there could be at most k(p-2) elements in the design. This contradicts n > (p-2)k,

so at least one element, x, of the independent set must have frequency at least 2.
Consider two blocks containing x, Bnd B. If the blocksareidentical, the

design is not minimal so let y be in Bnd not in B. Replace x in Bwith y. If



the modified design isstill a LD*(n,k,p,2;w), then the set | is still an
independent set, which must still be maximal (by assumption), but which has a
lexicographically lower A(since thefrequency of xhas decreasedyvhich is a
contradiction.

Now we must show that the modified desigrsidl a LD*(n,k,p,2;w). The
new design has the same n, k, and w as the old onechiasiderany p-set that
does not contain both x and y. Then it contains an (p-1)-set not contaittieg
x ory. Since the (p-1)-set cannot beiagependenset, as its size is tolarge,
this (p-1)-setmeets some block in the origindksign in 2elements. Itstill
meets that same block in 2 elements in the new design. A p-set containing both
x and ycontains an(p-1)-set S 5Xx,z,,...z,,}, containing x but not y. Now S
must alsointersect some block in the origindesign in 2elements. Itwill
intersect that same block in 2 elements in the degignunlessperhaps that
block was the modified block and x was one of the intersecting elements. Let the
two intersecting elements be x,But in thatcasethe original p-set, S{y},
still intersects Bin y,z. So themodified design isstill a LD*(n,k,p,2;w),
which completes the proof. O

The next lemma allows us thandlenicely the elements thaiccur only
once inthe lotto design. It turns out th#iere is alotto design onthe same
number of blocks that has these elementfeanfuencyone occurring in blocks
that only contain such elements. So define ablock of a lotto design to be
isolated if it contains only elements offequencyone. The elements in an
isolated block are callddolatedelements.

Theorem 3.5 If n 2k(p-1) then an LD(n,k,p,2;x) implies the existence of an
LD(n,k,p,2;x) in which there arg £ rk elements ofrequency
one occurring in r isolated blocks.

Proof: Let there be r isolatethlocks in the LD(n,k,p,2;x). In a lottalesign
with t = 2, anindependenset may contain at most p—1 elemeatsl since a
isolated blockcan alwayscontribute one to the size of angdependentset,
r<p-1. If r =p-1, then the originaflesignhas exactly (p-1)k elementsgith
frequency one and the lemma holds. If p-2, and weexamine thenon-isolated
blocks, we see that they form a subdesign S ED(n,k,2,2;x-r), where
n, = n-k(p-2)= k since n= k(p-1). Since p = t = 2, S is@ver inwhich every
pair of its n elements must occur. If,r= k, we havethe previous case. If
n, >k, then any element ofrequencyone in S cannobccur with all the
remaining +1 elements as required. So thare nomore elements direquency
one in the original lottodesignand the designfits the lemma.Therefore let
r < p-3 which implies that there are at least 2k non-isolated elements.

Let us consider this lotto design. Suppose that an element, &eduascy
1 andthat it appears in dlock, B, with an element, b, which h&gquency
greaterthan 1. Let X = {%,...X.,} be the set of remaining elements in that



block. Let us delete all oth@ccurrences ofhe element b in the wholgesign.
Any p-set containing ab, gxor bx intersects B in a pair. Any p-set thddes
not contain b will stillintersect the same block in a pair aglid before. We
must still account for p-sets containingldut not any xor a, ie {b,y,...,¥,1}

where y is not an element of Xnd y # a. But the p-sefa,y,,...,Y, .} must
intersect some block in a paiyy so the p-sefb,y;,...,¥,..} will also intersect
this block in that pair.

Now we must show that it is possible fieplacethe deletedb's. Consider
block B and one other block C which contained an occurrence of b deleted).
Since there are atleast 2k non-isolated elementthere must be somenon-
isolated element that does not occur in B or C. Use that elemegpléze b in
block C. In this way all the deleted b's mayrbplaced Thus wehaveincreased
the number of elements @equencyone in block B, but thelesign isstill an
LD(n,k,p,2;x). Thisprocedurecan berepeateduntil a lotto designobeying the
restrictions of the lemma is produced. O

Lemma 3.6 Any maximal independent set from a LD(n,k,p,t) ntostain
one element from each isolated block.

Proof: If no element from an isolated block appears in a maxinagpendent
set, then any of the elements in that blatuld beadded tomake alarger
independent set, which is a contradiction. O

4. L(n,6,6,2) for n < 54

Examining Colbourn’s list, we find that the most popular value fand p
in existing lotteries is 6. So we withke thegeneral graph-theoretical ideas of
Furedi et al.[6] and apply them in a design-theoretical way to the speasicof
k = p = 6. By examining these cases closely we can improve on the results given
for those cases ( L(45,6,6,2) = 14 or 15 for the HungaahAustrian Lotteries
and L(49,6,6,2) = 16, 17, 18 or 19 for the German, French, BeatidhCanadian
Lotteries).

Consider L(n,6,6,2). Clearly, we have the following lemma.

Lemma 4.1For 6 < n < 30, the values of L(n,6,6,2) are as given below.

n L(n.6.6.2)
6-10 1
11-15 2
16-20 3
21-25 4
26-30 5

Let us plot the Furedi lower bound from Lemma 2.5 (F) against the sum of



disjoint covers upper bound from Lemma 2.6 (C) fox31< 54:

n F C n F C n F C

31 7 7 39 10 11 47 15 17
32 7 7 40 11 12 48 15 18
33 7 7 41 12 13 49 16 19
34 8 8 42 12 13 50 16 19
35 8 9 43 13 14 51 16 20
36 9 9 44 13 15 52 18 21
37 10 10 45 13 15 53 18 22
38 10 11 46 15 16 54 18 23

In the rest of the paper, we wantfiod the minimum number of blocks in
lotto designs with certain parameters. These parameters will obey the restrictions
of Lemmas 3.2, 3.4 and Theorem 3.5 and socare always restriabur research
to “nice” optimal lotto designs. For this reason we define the following.

A niceLD(n,k,p,t;x) is a lottodesign wherein eachlement occurs at least
once, the elements of frequency one occur only in isolated bérckhere is an
independent set of size p-1.

Theorem 4.2 There exists a nice LD*(n,k,p,t;x) forxn/k and n= k(p-1).
Proof: Apply Lemmas 3.2, 3.4 and Theorem 3.5. O

Theorem 4.3 For a nice LD(n,k,p,2;x) with anindependentet, |, and b
corresponding independent blockss (k-1)b + (p-1).

Proof: Every element of dotto designwith t = 2 mustoccur in some
independent block of any maximiadependenset, by Lemm&.3. There are at
most (p-1) elements in the independent set, and at (kdgb other elements in
the independent blocks, which gives the required result. O

Before we goon, we mustdefine a fewterms. Singlesare elements that
occur just once in the independent blocks of a particular independent set |, and are
not themselves in I. Am-cliqueis the set of m blocks that contain all the
occurrences of a particular independent element, x, of a particular indepsatient
The following lemma is needed.

Lemma 4.4 If two singlesoccur in differentblocks of the sameclique
which is part of amaximum independenset, then thapair of singles must
occur together in some block which is not an independent block.

Proof: Suppose that the two elements a and b occur in different blocks of some
i-cligue whoseindependenelement is x. Assume thatand b donot occur
together in any block. Then if we delete x and add a and b tondependenset,



we get a larger independent set which is a contradiction. O

The following lemma which appears in Hartman's thesis [8] iadmptation
of a result of Shannon[12].

Lemma 4.5 If a multigraph has eedgesand maximumdegree dthenthere
is a set of'é / [3d/2[TTdisjoint edges.

We use this to prove the following lemma:

Lemma 4.6 In a nicelotto designwith k = 6, there exists a maximal
independent set | with at lea@/9[2's in A.

Proof: Consider the blocks of the lottesign as verticeandlet two vertices
be joined by onedgefor everyelement offrequencytwo that occurs inboth
corresponding blocks. Then e ahd d = k = 6 in the graph. Applyingemma
4.5 shows that there are at ledgt9Uelements of frequency 2, no two which
appeartogether in any blockand which therefore may be included in an
independent set I. If the set is not maximal, other elements magidbduntil it
is maximal. O

Since we will be considering designs and portions of designs in vt
elements have frequencies of 1 or 2, it will dmavenient to measutbe extent
to which there are elements with highisrquencies. Thexcesdrequencycount
of a set of elements E, efc(E), is the numpes (i-2)g; where g is the number
of elements of frequency i in the set E. If no set of elements is specified, then all
of the elements in the design are assumed. For example, if efc = 3 tHettdhe
design has either three elementdrefuency 3,one eachwith frequencies 3 and
4, or one element of frequency 5.

We arenow ready tostudy some of théotto designs in general. Weill
first look at the number of singles thappear in 2-cliqueand3-cliques. Let S
refer to the set of such singleaderconsideration. Using Lemnva4, we will
obtain a lower bound for efc(S).

Consider a 2-cliqgue which contains 5 or fewer singles (S). It is possible that
all of these singlesppear inthe same block in the cliquand therefore no
additional blocks are needed to hgldirs of these singles, ndoesany element
require a frequency greater than 2, giving a trivial lower bound of 0 for efc(S).

If there are 6 singles in S, then they cannot all appear in the same block of a
2-clique, and there must be pairs of singles which musippear together
elsewhere, by Lemma 4.4. All 6 singlesuld appear irthe sameextra” block
(outside ofthe independenblocks). Again, no element willequire afrequency
greater than 2, giving a lower bound of 0 for efc(S).

If there are 7singles in a2-cliguethen the minimumefc(S) is 2.Suppose
efc(S) is 1 or lessThere are Zases to consider. e first caselet there be 5
singles in one block {x,a,b,c,d,&nd 2 inthe other {x,f,g,-,-,-}. One of f or g



(say, f) mustoccurjust once more (sincefc(S) < 2)and it must appearwith
abcde, forcing the extra block {f,a,b,c,d,e}. But a, b, and emust occur again
with g giving efc(S}k 5, which is a contradiction. In the secotakelet a, b, c,
and d appear in one block {x,a,b,c,d,—} and e, f and g in anptlef,g,——}. At
least two of e, f or g (say, @and f) must each occujust once moreand hence
must occur with a, b, and d inthe extrablock {e,f,a,b,c,d}. But a, b, and d
must each occur at least once more with g. Hence aarij dhavefrequency at
least 3 giving efc(Sk 4, which is also a contradiction, proving tledt(S)=> 2.
The configuration {x,1,2,3,4,5}, {x,6,7,...}, {1,2,3,4,6,74nd{5,6,7,...} shows
that this minimum may be obtained.

If there are 8singles in a2-cliquethen the minimumefc(S) is 3,and in
addition there is a unique configuration of the 8 singles in the extra bidikh
will achieve this minimum value. Suppose that efc(S) is 2 or less. There are two
cases to consider. In the first case, let the independent blocks be {x,1,2,3,4,-} and
{x,5,6,7,8,-}. If efc(S) is 3 or less, one of 5, 6, 7 or 8 (say, 5) noastironly
once more and hence occurs with 1, 2n8 4 inthe block {5,1,2,3,4,-}.There
is not room in that blockor all of 6, 7and 8.Say 6 doesnot occur in that
block. Then 1, 2, &and 4must occur in anotheblock with 6. This implies
efc(S)= 4 which is a contradiction. In the second case, let the independent blocks
be {x,1,2,3,4,5} and {x,6,7,8,-,-}. Suppose efc&3}. If one of 6, 7 or 8, say 8,
has frequency 2, then it occurs in one non-independent block with 1, 2, 3, 4 and
5. But 1, 2, 3, 4 and 5 must still appear withr@ 7, giving efc(S)= 5, which
is also a contradiction. Therefore all of 6, 7, and 8 must have frequency 3, giving
efc(S)= 3. To achieve the minimum value of 3, all of 1..5 miuavefrequency
2, andeachmust appear in an extrblock with all of 6..8. The configuration
{x,1,2,3,4,5}, {x,6,7,8,...}, {6,7,8,1,2,3}, {6,7,8,4,5,—} is thanique way in
which the minimum can be obtained, up to isomorphism.

If thereare 9singles in a2-cliquethen the minimumefc(S) is 7.The 2-
clique must look like {x,1,2,3,4,5}and {x,6,7,8,9,-}. Supposeefc(S) is 6 or
less. Then at least 9 - 6 = 3 singles magbearonly oncemore. If one single
from each block (say, 1 and 6) each appear only orare, then theextra block
{6,1,2,3,4,5} isforcedbut then 1 cannaappeawith 7, 8, or 9 agequired. If
threesingles from thesecondblock (say, 6, 7,and 8)each appeaonly once
more, this forces the extra blocks {6,1,2,3,4,5}, {7,1,2,3,4a1d{8,1,2,3,4,5}
but this givesefc(S)= 10 sinceeach of1..5 appear 4times. which is a
contradiction. If three singles from the first block (say, land 3)eachappear
only once more, thigorcestwo blocks such as {1,6,7,8,9,gnd{2,6,7,8,9,-}.
But now all of 6...9 must appear a 4th time in order to form pairs with 3, 4 and
5, giving efc(S)= 8, which is again a contradiction. This giwafs(S)= 7. The
configuration {x,1,2,3,4,5}, {x,6,7,8,9,...}, {1,2,6,7,8,9}, {3,4,5,6,7,8},
{3,4,5,9,...} shows that this minimum can be obtained.

If there are 10 singles in Zcliquethen the minimumefc(S) is10. The 2-



clique must look like {x,1,2,3,4,5}and{x,6,7,8,9,10}. Supposefc(S) is 9 or
less. Without loss of generality let 6 be a singldreduency 2.This forces the
extra block {6,1,2,3,4,5}. There cannot be a second singfeeqfiency 2for the
following reasons. Itherewere a secondingle offrequency 2from the other
block (say, 1), then 1 could not appear again with 7-10, as required. Ifwbere
a second single of frequency 2 from the same block (say, 7), this feocédthe
extra block {7,1,2,3,4,5} but then all of 1-5 mumppear gourth time, giving
efc(S)= 10, which is a contradiction. Since no element other than 6hanasy
frequency 2, and efc(8)9, all of 1-5and7-10 musthavefrequency 3.Each of
1-5 mustappearexactly oncemore, forcing two blocks such 44,7,8,9,10,-}
and {2,7,8,9,10,-} but now 7-10 may natppearagain and therefore cannot
appeawith 3-5, asrequired. This shows thaefc(S)= 10. Theconfiguration
{x,1,2,3,4,5}, {x,6,7,8,9,10}, {1,2,3,6,7,8}, {1,2,3,4,9,10}, {4,5,6,7,8,9} and
{5,10,...} shows that this minimum can be met.

Now we will consider 3-cliques. What is the minimum efc(S) for a given set
of singles S in a 3-clique?

For 10 or fewer singles in S the answer is the same as i2-thgue case.
If the singles are not split into the 3 blocks as (2,4,4), (3,3,3) or (3,3,4) then the
singles thatoccur in the block with thefewestsinglescan beput with the
singles in the block with theecondfewestsingles. So such aonfiguration
with a particular efc(S) wouldjive a configuration in 2-cliquewith the same
efc(S). Therefore it cannot give a smalleminimum efc(S) value than the
corresponding 2-cliquease. The specific configuratioridentified above are
quickly ruled out. If efc(S) were less than 7 in the (3,3,3) case or less than 10 in
the (2,4,4) or (3,3,4) cases, then at least one elewmuitl have to appeamly
once more, and it would not have enough room to occur with all the singles. So
the previous results o2-cliquesalso hold for 3-cliguesand Table 1 mayserve
for both.

We can summarize this information in Table 1.

Num.ofsingles | 56| 7]8]9]10 |
Minimumefc(S) | 0] 0] 2| 3] 7 |10 |

Table 1: Minimum efc(S) in 2-cliquesand 3-cliqueswith a set S of up to 10
singles

For a set S of B 11 singles in a 3-clique, we must have ef&3$) Assume
efc(S) < r. Then at least one single, a, must have frequency 2, so dcoayin
only one morenon-independeriblock. This means that ibccurswith at least
r-5= 6 other singles in that block. But blocks have only 6 elements in them so
this configuration can not be realized.

Now a 3-clique with a set S of 11 singles aid(S) = 11 can beealized as
shown by the following blocks: {x,1,2,3,4,5}, {x,6,7,8,9,10¥x,11,...},
{1,2,3,6,7,8}, {1,2,3,9,10,11}, {4,5,6,7,8,11}, {4,5,9,10,...}. B-cliquewith a

10



set S of 12 singleandefc(S) = 12 can beealized ashown by the following
blocks: {x,1,2,3,4-}, {x5,6,7,8-}, {x,9,10,11,12,-}, {1,2,5,6,9,10},
{1,2,7,8,11,12}, {3,4,5,6,11,12}, {3,4,7,8,9,10}.

If there is aset S of 13 singles in 3-clique then efc(S) > 16. Suppose
efc(S) = 15. Consider thefirst case: {x,1,2,3,4,5}, {x,6,7,8,9,10} and
{x,11,12,13,...}. There can be neingles offrequency 1 or 2 asuch singles
could not appearwith all of the others, asequired. Soall but at most two
elements have frequency 3. So one of 11, 12, or 13, sagctdrs in precisely
two more blocks with the elements from 1 to 10. These two bleakkcontain
at most 5 + 6 = 11 pairs whidmave not already appeared ithe independent
blocks (5 involving 1land atmost 6 involving only 1..10). Then in the
remaining blocks we must have at least 33 pairs of singles andcui@ences of
those singles for aaverage oR.06. But no block or part bloockanattain that
ratio. The best one can do is {1,2,6,7,12,13} which has 12 pairs of sinyle8
occurrencedor an average of 2.Now considerthe othercase:{x,1,2,3,4,5},
{x,6,7,8,9,..} and{x,10,11,12,13,...}.One of10, 11, 12 or 13, say 10nust
have frequency 3 so there must be a block containingniidone of 11, 12 or
13. As in the previougase, if we calculatthe ratio of the pairs of singles
which must yetappear tothe occurrences othose singles in theemaining
blocks, we get 45/22 = 2.05. This is still unattainable. So 13 sinmgtgsre
efc(S)= 16.

Suppose we have a set, S, of 15 singles #clque. The3-cliqueand the
other forced blocks would almost be a (16,6,2)-covering design. minimal
covering design requires C(16,6,2) = 10 (see [7]) complete blec&saour 3-
clique and forcedblocks neednot be complete. By using the minimal (16,6,2)-
covering design webtain a configuration witlefc(S) =7x6 - 15 = 27. Is it
possible tohave efc(S) =26? If so thenthere must be at least 4 singles of
frequency 3, and at least two of them must appear in the same independent block.
Let the independent blocks be {x,1,2,3,4,5}, {x,6,7,8,9,10} and
{x,11,12,13,14,15}, and let 1 and 2 have frequency 3, without loss of generality.
This forces each of them wppear in gair of bocks whose other elements are
6..15 in some order. But now 6..1&aveall appeared 3imes already,andnone
have yet appearedwith 3..5 and sonone of these mayave frequency 3.
Therefore the other two singles of frequency 3 must be two of the elethehts
But this forcestwo more pairs of blocksgachcontaining 6..15, and soall of
6..15 must have frequengy5, giving efc(S} 30 which is a contradiction.

A 3-cliquewith a set S of 14 singleandefc(S) = 25 can be obtained by
deleting an element dfequency 4from the minimal(16,6,2)-cover [13].Note
that efc(S) is 25 and not 24 since we are not considerinindiependentlement
which generates the 3-clique itself.

Suppose that a 3-clique with a set S of 14 singles existsefd{B) = 24.
Let the 3-clique consist of the following 3 blocks: {x,1,2,3,4,5}, {x,6,7,8,9,10},
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{x,11,12,12,14,-}. At least 4 of the singles mimtvefrequency 3.(None may
have frequency less than 3, and if all had frequency 4 it wgiullefc(S) =28.)
Consider 11, 12 13 and 14. If any of these has frequency 3, itaoeist exactly
twice in thenon-independenlocks, and must appearexactly oncewith 1..10
and with no other elements. If 2 or more of {11,12,13,14}, sawyridl12, have
frequency = 3thenthereare 4blocks in which 11, 12and 1..10 eachappear
twice. But then none of 1..10 madyave frequency 3(since theyhave already
appeared 3imes, andhavenot yetappearedvith 13 or 14),and so 13 and 14
must be the other two elementsfafquency 3.But this forces 1..10 to each
appear 2 more times, giving efc(8)30 which is a contradiction. Suppojsest
one of {11,12,13,14}, say 11, has frequency 3. Now some other element, say 1,
must havefrequency 3.This forces, without loss of generality, the following
non-independentlocks: {11,1,6,7,8,9}, {11,10,2,3,4,5}, {1,10,12,13,14,-}.
Since afrequency 3single occurswith no element more thaance except for
one, the only other element theduld havefrequency 3 is10. This means
f; <4, which is a contradiction. Hence let 11, 12 &@l 14havefrequency 4.
Let 2 singles from distindhdependenblocks havefrequency 3,say 1and 6.
This forces either {{1,6,11,12,13,14}, {1,7,8,9,10,-}, {6,2,3,4,5,-}} or
{{1,6,11,12,13 -}, {1,7,8,9,10,14}, {6,2,3,4,5,14}}. Ireither case there is at
most one more element that could possibly have frequency 3. This meads f
which is a contradictionFinally let us assume that 1, 2,ad 4 all have
frequency 3. So each occurséractly twonon-independertlocks of theform
{X,A,B,C,D,-} and {X,E,F,G,H,I} where A-lis 6-14 and X is 1, 2, 3 or 4. The
number of elementsand hence efc(S), inthe non-independenblocks will be
minimized when thelash isanother of the elements 1, 2, 3 or dglying two
groups of three blocks of the form {X,A,B,C,D,Y}, {XE,F,GH,} and
{Y.E,F,G,H,I}. Now 5 occurs at least twice more with new occurrences .4f4.
This is a total of 2x18 + 2 + 9 = 47 occurrences of 1..14 imtimeindependent
blocks, whichcorresponds to efc(S) = 47 — 1433, which is acontradiction.
Every possibility has nowbeenconsidered, andherefore if there is &-clique
with a set S of 14 singles we must have efe(35b.

We summarize this information in the following table.

Num. of singles | 11 |12 |13 |14 |15 |
Minimum efc(S) | 11 |12 |16 |25 |27 |

Table 2: Minimum efc(S) in 3-cliques with a set S of 11 to 15 singles
In order to use the information in Tables 1 and 2 we need one more lemma.

Lemma 4.7 In anice lotto design LD(n,k,p,2) with a maxinigdependent
set |, and s isolated blocks, the minimum numberoofisolatedsingles in the
b independent blocks of that independent set is 2n-2p+2-(k-1)(b-s).

Proof: Let hh be the number ofion-independerglements thabccur itimes in
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the independent blocks. We wish to minimizeBy Lemma 3.3 we have
2by=n-p+l @

and by counting thenon-independenglements in theéndependenblocks, we
have

Yib=(k-1)b. )
Taking 2(1) - (2) and noting that 0 gives
b, = 2n-2p+2-(k-1)b.
Since there are at most (k-1)s isolated singles, the result follows. O

We arenow ready tostudy theindividual lotto designswhere the Furedi
bound and the “sum of disjointcovers” boundare not equal. In general, our
proofs will be indirect. By examining thieequencies otlements in thelesign,
we attempt to prove that andependenset with acertain vector A exists,
which leads to acontradiction. The lexicographically least vectors ake the
easiest to rule out. Wean restrictour attention to nicéotto designs since the
restrictions in Theorem 4.2 hold in this sectionthéére is no nicéotto design
of a certain size then there is no lotto design of that size.

Lemma 4.8 L(35,6,6,2) =9.

Proof: Assume that a nice LD(35,6,6,2;8xists. Recall that; denotes the
number of elements with frequency i in the design. There are 6x8po<iBons

in the design to be occupied by 35 elements, each of vappbars ateastonce

in a nice lotto design. Thereforgxf22. By Theoren8.5 f, must be a multiple
of 6. By simple counting, the following cases arise.

casef , f , efc
1 24 29 2
2 30 >0 8

When £=30, Lemma 3.6 shows that there must be an independent set | with
A =(1,1,1,1,1), but by Theorem 4.3 we see that3d in this case. In this and
all of the lemmas that follow, we have n > 30 and so case 2 in wkig@ fmay
be eliminated.
Case 1 By Lemma 3.6, there are 4 isolated elements in any maximal
independenset. By Lemma 4.&here is aleast one element dfequency 2 in
some maximal independent set. So there must be some maxit@péndent set
with A, = (1,1,1,1,2). ByLemma4.7, thereare atleast 10 singles in the 2-
cligue. Checking Table 1, we sH®atthere can be anost 7 singles in the 2-
clique sinceefc = 2 and aset S of more than 7 singlesould give efc(S) > 2.
This is a contradiction. O
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Lemma 4.9 L(38,6,6,2) = 11.

Proof: Assume there exists a nit®(38,6,6,2:10). By the sammethods that
were used in Lemma 4.8, the following cases are generated:

case f , f , efc
1 18 =218 2
2 24 >6 8

Case 1By Lemma3.6, thereare 3isolated elements in any maximal
independent set. By Lemma 4.6 there are at least two elemeingsjudncy 2 in
some maximalindependenset. Sothere must be soméndependenset with
A, =(1,1,1,2,2). ByLemma 4.7thereare atleast 16 singles in the two 2-
cligues. Checking Table 1 and dividing the efc between the two sets of singles in
the twocliques inall possible ways, weeethat thereare atmost 6+7 = 13
singles in the 2-cliques when the efc is 2. This is a contradiction.

Case 2Lemmas 3.6 and4.6 require A = (1,1,1,1,2), but this isuled out by
Theorem 4.3. O

Corollary L(39,6,6,2) = 11.
Proof: Lemma 3.1
Lemma 4.10 L(40,6,6,2) =12.

Proof: Assume there exists a nit®(40,6,6,2:11). By the sammethods that
were used in Lemma 4.8, the following cases are generated:

case f , f , efc
1 18 =18 4
2 24 =6 10

Case 1 As in Lemma4.9, there is amaximal independentset with
A, =(1,1,1,2,2) and there must be at least 20 singles in the t&ecliques.
Checking Table 1, we sdhat there can be amost 7+7 = 14 or 8+6 = 14
singles in the two 2-cligues when the efc is 4. This is a contradiction.
Case 2Lemmas 3.6 and4.6 require A = (1,1,1,1,2), but this isuled out by
Theorem 4.3. O

Lemma 4.11 L(41,6,6,2) = 13.

Proof: Assume there exists a nit®(41,6,6,2;12). By the sammethods that
were used in Lemma 4.8, the following cases are generated:

case f , f , efc
1 12 227 2
2 18 =15 8
3 24 >3 14
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Case 1Calculating adefore, theramust exist a maximahdependent set
with A, = (1,1,2,2,2)and byLemma 4.7theremust be at least 28on-isolated
singles in theindependenblocks. However, consulting Table 1, wesee that
with efc = 2, the moshon-isolatedsingles wecould have inthe three2-cliques
is 7+6+6=19, which is a contradiction.

Cases 2 and 3 Lemmas 3.6and 4.6 require A = (1,1,1,2,2) or
A, =(1,1,1,1,2), but these are ruled out by Theorem 4.3. O

Corollary L(42,6,6,2) = 13.

Proof: Lemma 3.1.

Lemma 4.12 L(43,6,6,2) = 14.

Proof: Assume there exists a nit®(43,6,6,2;13). By the sammethods that
were used in Lemma 4.8, the following cases are generated:

case f , f , efc
1 12 =27 4
2 18 =15 10
3 24 >3 16

Case 1As in Lemma 4.11, there must be a maxiimalependenset with
A =(1,1,2,2,2) and by Lemma 4.7 there must be at least 26 non-isolated singles
in the independent blocks. However, consulting Table 1, efith- 4, the most
non-isolated singles we could have in the ti#ediques is8+6+6=20, which is
a contradiction.

Cases 2 and 3 Lemmas 3.6and 4.6 require A = (1,1,1,2,2) or
A, =(1,1,1,1,2), but these are ruled out by Theorem 4.3. O

In the rest of the paper, elementsfrefjuency 3become morémportant to
our arguments, and so the next two lemmas help to handle them.

Lemma 4.13 In a nice LD(n,k,p,2;x),,#f; = (4n — kx — 3)/2.

Proof: Counting appearances of elements in the desigrseethat f, elements
appearonce, §+f; elementsappear ateast twice eachand n—{—f,—f; elements
appear afeast four timeseach. Sincehere are atotal of kx appearances of
elements in the design, we get

fi + 2(h+f5) + 4(n—f—f,—f;) < kx
and simplifying gives the result. O
Lemma 4.14 In anice LD(n,k,p,2;x) with an independent set | containing T
elements of frequency 2, if
f, + ;> (1+2(k-1)T
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then there exists an independent satdntaining T elements dfequency 2 and
one additional element of frequency 2 or 3.

Proof: The T 2-cliqgues in the independentblocks contain at most the T
elements of frequency Dlus at most2(k-1)T other elements dfequency 2 or
3. If f,+f; > (1+2(k-1))T, there must exist an elemenfrefiuency 2 or 3which
doesnot appear inany of the 2-cliguesand may therefore beadded to the
independent set | giving a larger independent’set | O

We will now resume our discussion of the values of L(n,6,6,2).
Lemma 4.15 L(44,6,6,2) = 15.

Proof: Assume there exists a nit®(44,6,6,2;14). By the sammethods that
were used in Lemma 4.8, the following cases are generated:

case f , f , efc
1 6 >36 2
2 12 >24 8
3 18 =12 14
4 24 >0 20

Case 1By Lemmas 3.6and4.6, theremust exist a maximahdependent
set with A = (1,2,2,2,2)and by Lemma4.7, there must be 28non-isolated
singles in thandependenblocks. However,consulting Table 1, witkefc = 2,
the most non-isolated singles we could have in the Zetliques is7+6+6+6 =
25, which is a contradiction.

Case 2By Lemmas 3.6and4.6, theremust exist a maximahdependent
set with A = (1,1,2,2,2)and by Lemma4.7, there must be at least 28on-
isolatedsingles in theindependenblocks. However, consulting Table 1with
efc = 8,the most singles weould have inthe three 2-cliques i8+8+7 = 23,
which is a contradiction.

Case 3Lemmas 3.6 and 4.6 requirg A (1,1,1,2,2), but this isuled out
by Theorem 4.3.

Case 4 By Lemmas 4.13, 4.14 (witfi=0) and 3.6, there must be an
independent set | with /A (1,1,1,1,2) or A= (1,1,1,1,3), but botlare ruled out
by Theorem 4.3. O

Corollary L(45,6,6,2) = 15.
Proof: Lemma 3.1.
Lemma 4.16 L(46,6,6,2) = 16.

Proof: Assume there exists a nit®(46,6,6,2;15). By the sammethods that
were used in Lemma 4.8, the following cases are generated:

16



case f , f , efc
1 6 >36 4
2 12 >24 10
3 18 =212 16
4 24 >0 22

Case 1By Lemmas 3.6and4.6, theremust exist a maximahdependent
set with A = (1,2,2,2,2)and by Lemma4.7, there must be at least 3Ron-
isolated singles. However, using Table 1, with a tefal= 4,the most singles

we could have in the four 2-cliques is 7+7+6+6 = 26, which is a contradiction.

Cases 2, 3Lemmas 3.6and 4.6 require A = (1,1,2,2,2) or A=
(1,1,1,2,2), but both are ruled out by Theorem 4.3.

Case 4 By Lemmas 4.13, 4.14 (witfi=0) and 3.6, there must be an
independent set | with A (1,1,1,1,2) or A= (1,1,1,1,3), but botlare ruled out
by Theorem 4.3. O

Lemma 4.17 L(47,6,6,2) = 17.

Proof: Assume there exists a nit®(47,6,6,2;16). By the sammethods that
were used in Lemma 4.8, the following cases are generated:

case f , f , efc
1 0 =45 2
2 6 >33 8
3 12 >21 14
4 18 =9 20
5 24 >0 26

Case 1By Lemma4.6, theremust exist a maximahdependenset with
A = (2,2,2,2,2)and by Lemma4.7, there must be at least 3son-isolated
singles. However, using Table 1 with a total efc = 2, the most singleule:
have in the five 2-cliques is 7+6+6+6+6 = 31, which is a contradiction.

Case 2By Lemmas 3.6and4.6, theremust exist a maximahdependent
set with A = (1,2,2,2,2). By Lemma 4.7, there must be at leastd@¥isolated
singles. However, using Table 1 with a totééd = 8,the most singles that we
can get in the four 2-cliques is 8+8+7+6 = 29, which is a contradiction.

Case 3Lemmas 3.6 and 4.6 requirg A (1,1,2,2,2), but this isuled out
by Theorem 4.3.

Case 4By Lemmas 3.6, 4.6, 4.13, and 4.14 (with T=theremust be an
independent set | with A (1,1,1,2,2) or A= (1,1,1,2,3), but botlare ruled out
by Theorem 4.3.

Case 5By Lemmas 3.6, 4.6, 4.13, and 4.14 (with T=gremust be an
independent set | with A (1,1,1,1,2) or A= (1,1,1,1,3), but botlare ruled out
by Theorem 4.3. O
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In all of the following lemmas, the highesasesmay all beruled out by
applying Lemmas 3.6, 4.6, 4.13, 4.14, and Theorem 4.3 in the waynas in
cases 3, 4, and 5 above. We will no longer list these simple cases.

Lemma 4.18 L(48,6,6,2) = 18.

Proof: Assume there exists a nit®(48,6,6,2;17). By the sammethods that
were used in Lemma 4.8 the following cases are generated (the simpleacaes
been omitted):

case f , f , efc
1 0 242 6
2 6 =30 12
3 12 >18 18

Case 1By Lemma4.6, theremust exist a maximahdependenset with
A =(2,2,2,2,2). By Lemma 4.7, there must be at leastd@Bisolatedsingles.
With an efc of 6, the largest number of non-isolated singles in thefiliques

is 8+8+6+6+6 = 34, which is a contradiction.

Case 2By Lemmas 3.6and4.6, theremust exist a maximahdependent
set with A = (1,2,2,2,2). By Lemma 4.7, there must be at leastd@bisolated
singles. With efc = 12, the maximum number of non-isolated singles ifouhe
2-cliques is 8+8+8+8 = 32, which is a contradiction.

Case 3By Lemmas 3.6, 4.6, 4.13, and 4.14 (with T=fBgremust be an
independent setwith A, = (1,1,2,2,2) or A= (1,1,2,2,3).The former is ruled
out by Theorem 4.3. So there must beratependenset with A = (1,1,2,2,3).

By Lemma 4.7 there must be at least 31 non-isolated singles in the design. With

an efc of 18, Tables 1 and 2 show, by consideringall of the possible
combinations of two2-cliques and one 3-clique,that there are at most
12+8+8 = 28 non-isolated singles which is a contradiction. O

Lemma 4.19 L(49,6,6,2) = 19.

Proof: Assume there exists a nit®(49,6,6,2;18). By the sammethods that
were used in Lemma 4.8 the following cases are generated (the simpleacees
been omitted):

case f , f , efc

1 0 =239 10
2 6 =227 16
3 12 =215 22

Case 1By Lemma4.6, theremust be a maximaindependenset with
A, =(2,2,2,2,2). ByLemma4.7, thenumber of non-isolatedingles in the
independent blocks must be at least 38. Consulalgle 1,andconsidering all
possibilities, weseethat with efc = 10, the largest number afon-isolated
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singles in the five 2-cliques is 8+8+7+7+6=36 which is a contradiction.

Case 2By Lemmas 3.6, 4.6, 4.13, and 4.14 (with T=Bgremust be an
independent set | with /A (1,2,2,2,2) or A= (1,2,2,2,3).

If there exists anindependenset | with A = (1,2,2,2,2), then byemma
4.7 we know thathereare atleast 38 non-isolatedingles in theindependent
blocks. Withefc =16, Table 1 allows us tadeterminethat the maximum
number of non-isolatedingles in four2-cliques is9+8+8+8 = 33 which is a
contradiction.

If there exists anindependenset | with A = (1,2,2,2,3), then byemma
4.7 we know thathereare atleast 33 non-isolatedingles in theindependent
blocks. The efc of the entire design is 16, but one element ahdbependent set
has frequency 3, leaving a maximum efc of 15 for the non-isolated singles in the
independent blocks. With efc = 15, Tables 1 and 2 allow detierminethat the
maximum number of non-isolated singles in theee 2-cliguesandthe 3-clique
is 12+8+6+6 = 32 which is a contradiction.

Case 3By Lemmas 3.6, 4.6, 4.13, and 4.14 (with T=Rgremust be an
independentset | with A = (1,1,2,2,2) or A= (1,1,2,2,3). Theorem 4.3
eliminates the first case. In tlsecondcase, we know by Lemm&7 thatthere
are atleast 33 non-isolatedingles in theindependenblocks. Theefc of the
design is22, but one of théndependenelements hadrequency 3,leaving a
maximum efc of 21 for the non-isolatedsingles in theindependentblocks.
Checking Tables Bnd 2 weseewith a total efc of 21 there can be amost
11+9+8=28non-isolatedsingles in one3-cliqgue and two 2-cliqueswhich is a
contradiction

Corollary L(50,6,6,2)=19.

Proof: Lemma 3.1.

Lemma 4.20 L(51,6,6,2)=20.

Proof: Assume there exists a nit®(51,6,6,2;19). By the sammethods that
were used in Lemma 4.8 the following cases are generated (the simpleacees
been omitted):

case f , f , efc
10 =39 12
2 6 >27 18

Case 1 Using Lemma4.6, we find that there must be a maximal
independent set with A (2,2,2,2,2). By Lemmd.7, thenumber of singles in
the independent blocks must be at least 42. Witkefamf 12, consultingTable
1 shows that the largest number of singles in fvadiques is8+8+8+8+6 = 38
which is a contradiction.

Case 2By Lemmas 3.6, 4.6, 4.13, and 4.14 (with T=Bgremust be an
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independent setwith A, = (1,2,2,2,2) or A= (1,2,2,2,3).The former is ruled
out by Theorem 4.3.

If there exists an independent set withF41,2,2,2,3), then by Lemn&7,
we know that there are at least 37 non-isolated singles indbpendenblocks.
With efc = 18, Tables 1 and 2 allow us determinethat the maximurmumber
of non-isolatedsingles inthree 2-cliquesand one 3-clique is 6+8+8+12 = 34
which is a contradiction. O

Lemma 4.21 L(52,6,6,2)=21.

Proof: Assumehereexists a nicd.D(52,6,6,2;20). By the sammethods that
were used in Lemma 4.8 the following cases are generated (the simpleacees
been omitted — note that although the cases wittPfor 24 are simple, thease
with f,=18 is not):

case f , f , efc

1 0 =236 16
2 6 224 22
3 18 20 34

Case 1If f,>36 then by Lemma 4.6, there must be a maximdgpendent
set with A = (2,2,2,2,2). If =36 then a simple count witevealthat =16 and
so §+f;=52 and byLemma 4.14theremust be arindependenset | with either
A =1(2,2,2,2,2) or A= (2,2,2,2,3).

If there exists anindependenset | with A = (2,2,2,2,2), then byemma
4.7, the number of singles in the independent blocks must be at least 44. With a
total efc of 16, usingTable 1 we cardeterminethat the largest number of
singles in five 2-cliques is 8+8+8+8+8=40, which is a contradiction.

If an independenset | with A = (2,2,2,2,2)does not exist, then an
independent set | with A (2,2,2,2,3) must exisgndalso all of theremaining
32 non-independerglements offrequency 2must appear inthe 2-cliques.This
means that all of the singles in the 3-clique mhestefrequency 3 omore, and
so if there are x singles in the 3-clique, the minimefimfor those singles is X,
which is an improvement on the minimuefc values given in Table 1. By
Lemma4.7, the totaihumber of singles in thndependenblocks must be at
least 39. The total efc of the design is 16, but there is an eleméetjoéncy 3
in the independenset itself, leaving a totagfc of 15 for the singles in the
independentblocks. Using Tables land 2, andkeeping in mind that the
minimum efc of x singles in the 3-clique is x, wan determinghat thelargest
possible number of singles in the 3-clique and the four 2-cliqu&2-8+6+6+6
= 38, which is a contradiction.

Case 2By Lemmas 3.6, 4.6, 4.13, and 4.14 (with T=Beremust be an
independenset | with A = (1,2,2,2,2) or with A= (1,2,2,2,3).Theorem 4.3
rules out the former. If there is an independent set with &,2,2,2,3), then by
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Lemma4.7, the totaihumber of singles in thmdependenblocks must be at
least 39. The total efc of the design is 22, but there is an eleméetjoéncy 3
in the independenset itself, leaving a totagfc of 21 for the singles in the
independenblocks. Using Tables hnd 2 wecan determinghat the largest
possible number of singles in th8-cligue and the three 2-cliques is
12+8+8+8=36, which is a contradiction.

Case 3If f, > 0 then by Lemma8.6, 4.6, 4.13,and 4.14 (with T=1),
there must be an independent set | witheX1,1,1,2,2) or A= (1,1,1,2,3), but
both are ruled out by Theorem 4.3.J&f0 then a simple count willevealthat
f; = 34 andtherefore therenust be a pair of elements fsléquency 3which do
not appear together, giving émdependenset | with A = (1,1,1,3,3),which is
also ruled out by Theorem 4.3. O

Lemma 4.22 L(53,6,6,2)=22.

Proof: Assume there exists a nit®(53,6,6,2;21). By the sammethods that
were used in Lemma 4.8 the following cases are generated:

case fl1 f2 efc

1 0 >33 20
2 6 =21 26
3 12 >9 32
4 18 >0 38

Case 1If f, > 36 then by Lemm4.6, theremust be arindependenset |
with A, = (2,2,2,2,2). If there is no independent set | with=A2,2,2,2,2),then
33 < f, £ 36 andconsequently ,f> 14. By Lemma4.6, there must be an
independent set | with A (2,2,2,2,x). Also, all of the elements foéquency 2
must appear in the 2-cliques, leaving room fomaist 40-(33-4) = 11 elements
of frequency 3 inthe four 2-cliques.There must be at leasfi4-11=3 other
elements offrequency 3,0ne of which may bedded tothe independentet |
giving A, = (2,2,2,2,3).

If there is anindependenset | with with A = (2,2,2,2,2), then using
Lemma4.7, we know thathereare atleast 46 non-isolatedingles in the
independent blocks. Using Table 1, with a tafd =20, wecan sedhat there
can be at most 9+8+8+8+8 = 41 non-isolated singles in five 2-cliqgues, which is
a contradiction.

If there is anindependenset | with with A = (2,2,2,2,3), then using
Lemma4.7, we know thathereare atleast 41 non-isolatedingles in the
independent blocks. The total efc is 20, but one ofitdependenelements has
frequency 3,leaving a totalefc of 19 for the non-independenélements in the
independenblocks. As in Case 1 of Lemma 4.21, all of the singles in the 3-
clique must havefrequency 3(else anindependenset | with A = (2,2,2,2,2)
would exist), and so the minimum efc of a set of x singles ir3tblgue is X,
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not the values given imable 1. By checking Tables &nd 2, with this
modification, and with a total efc of 19, we can see thate can be anost 40
non-isolatedsingles (11+8+8+7+@&ndseveralother ways) in one-cligue and
four 2-cliques, which is a contradiction.

Case 2By Lemmas 3.6, 4.6, 4.13, and 4.14 (with T=Bgremust be an
independent setwith A, = (1,2,2,2,2) or (1,2,2,2,3)[he former is eliminated
by Theoremd.3. In thelatter case, by Lemm&.7, thereare atleast 41non-
isolatedsingles in thendependenblocks. The totakfc is 26, but one of the
independentlements hadrequency 3,leaving a totalefc of 25 for the non-
independentlements in théndependenblocks. From Tables And 2, with a
total efc of 25, there can be amost 37 non-isolatedsingles (13+8+8+8 or
12+9+8+8) in one 3-clique and three 2-cliques, which is a contradiction.

Case 3Iff, > 9, then by Lemma8.6, 4.6, 4.13and 4.14 (with T=2),
there must be amdependenset | with A = (1,1,2,2,2) or (1,1,2,2,3), both of
which are ruledout by Theorem4.3. Therefore § = 9 andcounting will reveal
that all of the remaining elements mustvefrequency 3,giving f; = 32. By
Lemmas 3.6, 4.6, and 3.4, there must be anindependentset | with
A =(1,1,2,3,3). By Lemma 4.7, we know that there are at leasbB8solated
singles in theindependentblocks. The totalefc is 32, but there are two
independentlements offrequency 3,leaving a totalefc of 30 for the non-
independentlements in théndependenblocks. By checking Tables Jand 2,
with a totalefc of 30, we can seethat there can be amost 32 non-isolated
singles (13+12+7 or 13+11+8 or 12+11+9) in t@«liquesandone 2-clique,
which is a contradiction.

Case 41If f, > 0, then by Lemma8.6, 4.6, 4.13and 4.14 (with T=1),
there must be amdependenset | with A = (1,1,1,2,2) or (1,1,1,2,3), both of
which are ruledout by Theorem4.3. Therefore § = 0 andcounting will reveal
that £, > 32. Since an element @iequency 3can appeawith at most 15other

elements of frequency 3, there must be two elements of frequency 3 which do not

appear together, giving an independent segith A, = (1,1,1,3,3) which islso
ruled out by Theorem 4.3. O

Lemma 4.23 L(54,6,6,2)=23.

Proof: Assume that there exists a nicB(54,6,6,2;22). By the sammethods
that were used in Lemma 4.8 the following cases are generated:

case fl 2 efc

10 >30 24
2 6 >18 30
312 >6 36
4 18 >0 42

Case 1If f, > 36 then by Lemma 4.heremust be arindependenset |
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with A, = (2,2,2,2,2). If f< 36 then counting wilrevealthat f, + f; = 48 and
then by Lemmas 4.@nd 4.14 there must be anindependentset | with
A =(2,2,2,2,2) or A= (2,2,2,2,3).

If there is an independent set | with-A(2,2,2,2,2), then we know by using
Lemma 4.7 thathereare atleast 48 non-isolatedingles in theindependent
blocks. ConsultingTable 1 with a totakfc of 24 shows thatthere can be a
maximum of 42non-isolatedsingles (10+8+8+8+8 or 9+9+8+8+8) in five 2-
cligues, which is a contradiction.

If there is an independent set | with-A(2,2,2,2,3), then we know by using
Lemma 4.7 thathereare atleast 43 non-isolatedingles in theindependent
blocks. The total efc is 24, but there is dndependenelement offrequency 3,
leaving a totalefc of 23 for the non-independentlements in théndependent
blocks. By consulting Tables dnd 2,with a totalefc of 23, it can beenseen
that it is possible to get 48on-isolatedsingles in just two ways. The
distribution of singles is eithgl?2,8,8,8,7) or (11,8,8,8,8) in th&clique and
the four 2-cliques. Sincéhereare atotal of 22 blocks,and 11 independent
blocks, there must be exactly 11 extra blocks, containing 66 elementtheBat
is a set S of 43 singlesnd efc(S)=23, giving a minimum of43+23=66
occurrences ofhese singles in thextrablocks, and so noother element may
appear in the extra blockandthe minimumefc value must be metxactly for
the set of singles thappears in eachlique. Theunique configuration which
coversall of the pairs of a set S of 8 singles witfc(S)=3, asshown in the
derivation of Table 1, is{1,2,3,6,7,8}, {4,5,6,7,8,-}. The oneaemaining
unspecified element must be one of the singles from another clique. Bwilthis
increase efc(T) for the set of singles, T, of that clique, sindeddated element
will not help in covering the pairs from Tandthe minimumefc(T) value will
still be requiredelsewhere.Since both of the possible distributiomentain
several sets of 8 singles, the required total efc value of 23 is not possible.

Case 2If f, > 18 then by Lemmas 3.&nd4.6 anindependenset | with
A, = (1,2,2,2,)x) exists. Counting will show that f f; = 33 but only 30
elements can appear in the three 2-cliques, and so an independeitih set2 or
3 exists. If § = 18 then counting will show that £ 30 (all of the remaining
elements havdrequency 3), and Lemmas 3.6, 4.6, and 3.4 show that an
independenset | exists with A = (1,2,2,2,2) or (1,2,2,2,3) or (1,2,2,3,3).
Theorem 4.3 rules out the first of these. The other two are considered below.

If there is an independent set | with-A(1,2,2,2,3), then by Lemma 4.7 we
know thatthereare atleast 43 non-isolatedingles in theindependenblocks.
The total efc is 30, but there is oimelependenelement offrequency 3 leaving
a total efc of 29 for th@on-independerglements in théndependenblocks. By
consulting Tables 1 and 2, with a total efc of 29, it baan seethat there is a
maximum of 38 singles (12+10+8+8 or 12+9+9+8) in @relique andthree 2-
cligues, which is a contradiction.
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If there is an independent set | with#A(1,2,2,3,3), then by Lemma 4.7 we
know thatthereare atleast 38 non-isolatedingles in theindependenblocks.
The total efc is 30, but there are two independentelements offrequency 3,
leaving a totalefc of 28 for the non-independentlements in théndependent
blocks. By consulting Tables dnd 2,with a totalefc of 28, it can beenseen
that there five ways in which 38 non-isolatsithgles may belaced intwo 2-
cliguesand two 3-cliqueswith a total efc of 28: 12+12+8+6,12+12+7+7,
12+11+8+7, 12+10+8+8, and 11+11+8+8. We also know jhatlB (since the
cases that arise wheyf 18 wereruled out above)and counting will show that
f; = 30 andthere are no elements withfrequency greatethan 3. Also, no
independenset | with A = (1,2,2,2,x) may exist (it has previoudigenruled
out), and so there can be no sets afidependenelements offrequency 2.This
means that all of the other 16 elements of frequency 2 app&awith the two
independent elements of frequency 2 in the two 2-cliques, else antebndent
element of frequency 2 could be chosen. Let the two 2-cliques be

xf___ _(block 1)
xg__ __ (block 2)
y_ (block 3)
y_ (block 4)

where xand y arghe two independentlements offrequency 2.Consider the

elements of frequency 2 that appear only once in these four blocks. Suppose that

7 such elementappear inblocks land 2with x. Then two of them (&nd )
must be in different blocks. Also, f and g magtpeartogether in another block
elsewhere, else thréedependentlements ofrequency 2(y, f, and g)could be
chosen. But this means that all 7 such elementsaih¢awith x mustappear
together in some other block, sineeerysuch element in block 1 muappear
with g, andeverysuch element in block 2 muappeamwith f. Sincethere are
only 6 elements in a block, this is impossible. Therefbeze can be anost 6
such elements that appear in blocks 1 and 2, and similarly at most &plear
in blocks 3and 4. Therefore anhost 12 elements dfequency 2 appeawnly
once in these 4locks. But all 16 elements dfequency 2must appear, and
therefore atleast four of thenmust appeartwice. This uses up all of the
available space, and so every element in these four blocks musirdguency 2
(12 appear once and 4 appear twice). Therefore the maximumesichinof these
two cliques is 0, and the maximum number of singlesdch is 6.But thefive
possible configurations listed previously contain only valyresterthan 6, and
so this case can be ruled out.

Case 3If f, > 9 then by Lemmas 3.6, 4.6, 4.48d4.14 theremust exist
an independent set | with A (1,1,2,2,2) or (1,1,2,2,3which are ruledout by
Theorem4.3. If 6< f, < 9 then { = 30. By Lemmas3.6, 4.6, 4.13and4.14
theremust exist arindependenset | with A = (1,1,2,3,x),and since there is
room for atmost 25 other elements @ppear inthe 2-clique and the 3-clique,
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but f, = 30, anadditional independerglement offrequency 3may befound,
giving anindependenset | with A = (1,1,2,3,3). ByLemma 4.7thereare at
least 38 non-isolated singles in tinedependenblocks. The totakfc is 36, but
there argwo independenelements offrequency 3,leaving a totalefc of 34 for
the non-independent elements in the indepenileicks. By consulting Tables 1
and 2,with a totalefc of 34, it can been seethat there is amaximum of 34
singles (12+12+10) in two 3-cliques and one 2-clique, which is a contradiction.
Case 4If f, > 0 then by Lemmas 3.6, 4.6, 4.48d4.14 theremust exist
an independent set | with A (1,1,1,2,2) or (1,1,1,2,3which are ruledout by
Theorem 4.3. If f= 0 then {> 30 and so two independent elementdreduency
3 must exist, giving aindependenset | with A = (1,1,1,3,3),which is also
ruled out by Theorem 4.3. O
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