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Abstract
The Stein-Lovász Theorem can be used to get existence results for some combinatorial
problems using constructive methods rather than probabilistic methods. In this paper, we
discuss applications of the Stein-Lovász Theorem to some combinatorial set systems and
arrays, including perfect hash families, separating hash families, splitting systems, covering
designs, lotto designs and ∆-free systems. We also compare some of the bounds obtained
from the Stein-Lovász Theorem to those using the basic probabilistic method.
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Introduction

The Stein-Lovász Theorem was first used by Stein [11] and Lovász [9] in studying some combinatorial covering problems. In [6], the authors applied this theorem to some problems in coding
theory. The Stein-Lovász Theorem can be used to get existence results for some combinatorial problems using constructive methods rather than probabilistic methods. The Stein-Lovász
Theorem is now stated and the proof is included for completeness. The proof follows [11] and
[6].
Theorem 1.1 [6] Let A be a (0, 1) matrix with N rows and M columns. Assume that each row
contains at least v ones, and each column at most a ones. Then there exists an N × K sub
matrix C with
K ≤ N/a + (M/v) ln a ≤ (M/v)(1 + ln a),
∗
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such that C does not contain an all-zero row.
Proof: A constructive approach for producing C is presented. Let Aa = A and define A0a to be
any maximal set of columns from Aa whose supports are pairwise disjoint and whose columns
each have a ones. Let Ka = |A0a |. Discard from Aa the columns of A0a and any row with a one in
A0a . We are left with a ka ×(M −Ka ) matrix Aa−1 , where ka = N −aKa . Clearly, the columns of
Aa−1 have at most a − 1 ones (indeed, otherwise such a column could be added to the previously
discarded set, contradicting its maximality). We continue by doing to Aa−1 what we did to Aa .
That is we define A0a−1 to be any maximal set of columns from Aa−1 whose supports are pairwise
disjoint and whose columns each have a − 1 ones. Let Ka−1 = |A0a−1 |. Then discard from Aa−1
the columns of A0a−1 and any row with a one in A0a−1 getting a ka−1 × (M − Ka − Ka−1 ) matrix
Aa−2 , where ka−1 = N − aKa − (a − 1)Ka−1 .
The process will terminate after at most a steps. The union of the columns of the discarded
sets form the desired sub matrix C with
K=

a
X

Ki .

i=1

The first step of the algorithm gives
ka = N − aKa ,
which we rewrite, setting ka+1 = N , as
Ka =

ka+1 − ka
.
a

Analogously,
ki+1 − ki
, i = 1, · · · , a.
i
Now we derive an upper bound for ki by counting the number of ones in Ai−1 in two ways: every
row of Ai−1 contains at least v ones, and every column at most i − 1 ones, thus
Ki =

vki ≤ (i − 1)(M − Ka − · · · − Ki+1 ) ≤ (i − 1)M.
Furthermore,
ki+1 − ki
ka+1
ka
ka−1
k2
=
+
+
+ ··· +
− k1
i
a
a(a − 1) (a − 1)(a − 2)
1·2
≤ N/a + M/v(1/a + 1/(a − 1) + ... + 1/2),

K=

Pa

i=1 Ki

=

Pa

i=1

thus giving the result.
We now transform the above into a simple greedy algorithm which we present following.
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Algorithm 1.1: Stein-Lovász(A)
comment: A is an N × K matrix, each column has at most a ones
each row has at least v ones
comment: Returns a submatrix of A with no all-zero row
C←∅
whileA has at least one row

find a column c in A having maximum weight



delete all rows of A that contain a ”1” in column c
do

delete column c from A



C ← C ∪ c

Finding the maximum weight column can be done in O(N K). The loop gets executed at
most a times so the algorithm runs in time O(aKN ) ∈ O(kN 2). A tighter analysis may be
performed by taking into account that the number of rows decrease in each iteration.
The remainder of the paper is organized as follows. In Section 2, we discuss applications of
the Stein-Lovász Theorem to some combinatorial set systems and arrays such as perfect hash
families, separating hash families, splitting systems, covering designs, lotto designs and ∆-free
systems. For most of these combinatorial structures, we get roughly the same existence results
compared to the classic probabilistic method. In Section 3, we conclude the paper with a few
final remarks.
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Applications of the Stein-Lovász Theorem

Nonconstructive existence results can often be obtained by probabilistic methods. The interested
readers may refer to [1]. For all of the combinatorial structures under discussion in this paper,
bounds of this type have been derived by the probabilistic method. In this section, we present
a unified treatment of several of these bounds by the Stein-Lovász Theorem. Furthermore, we
show that most of these bounds are roughly the same as those obtained by the basic probabilistic
method. As a result, the Stein-Lovász Theorem can replace the basic probabilistic method for
some problems.
Most of the combinatorial structures discussed in this paper can be viewed as set systems or
arrays. We present some relevant definitions. A set system is a pair (X, B), where X is a set of
points and B is a set of subsets of X (called blocks). A set system (X, B) is called k-uniform if
|B| = k for each B ∈ B. A set system can be described by an incidence matrix. Let (X, B) be
a set system where X = {x1 , x2 , · · · , xN } and B = {B1 , B2 , · · · , BT }. The incidence matrix of
(X, B) is the N × T matrix A = (aij ), where
(
1 if xi ∈ Bj
aij =
0 if xi 6∈ Bj .
3

2.1

Perfect Hash Families

An (n, m, w)-perfect hash family is a set of functions F, such that |Y | = n, |X| = m, f : Y → X
for each f ∈ F, and for any C ⊆ {1, 2, . . . , n} such that |C| = w, there exists at least one f ∈ F
such that f |C is one-to-one. When |F| = N, an (n, m, w)-perfect hash family will be denoted by
PHF(N ; n, m, w).
A PHF(N ; n, m, w) can be described as an (N, n, q)-array, A, satisfying certain properties.
The rows of A are indexed by the functions in F , the columns are indexed by the elements of Y ,
and A(f, y) is defined to be f (y), for all f ∈ F and all y ∈ Y . This array satisfies the property
that, for all choices of w columns of A, there exists a row of A in which the entries in the w
given columns are distinct.
The following result is essentially the bound proved by Mehlhorn (see [10]) by the classic
probabilistic method.
Theorem 2.1 There exists a PHF(N ; n, m, w) if

n
log w
N>
− log q
where


w! m
w
q =1−
mw
We can get the following result by the Stein-Lovász Theorem.
Theorem 2.2 There exists a PHF(N ; n, m, w) with

 
mw
n

N≤
1 + log
m
w
w! w
Proof: We construct the following incidence matrix A = (aij ), with mn columns labeled by all

n
the vectors of length n over an alphabet of cardinality m. The number of rows is w
. There is

n
natural correspondence between the w-subsets and the numbers from 1 to w . If, in the vector
labeling column j, the entries confined to the w-subset with number i are distinct, then aij = 1.
Otherwise, aij = 0.
Therefore, if there is a sub matrix having N columns, with each row having at least one ”1”,
then there exists a PHF(N ; n, m, w). We can now bound N by the Stein-Lovász Theorem.
 n−w
Obviously, every row of A has weight w! m
m
. The weight of every column is at most
w

n
w . So by the Stein-Lovász Theorem,

 
n
mw

1 + log
,
N≤
m
w
w! w
which is the desired result.
w!(m)
Remark 2.3 It is easy to see that − log (1 − x) ≈ x. Let x = mww , then we conclude that the
two bounds from Theorem 2.1 and Theorem 2.2 are roughly the same. The algorithm as presented
constructs a Perfect Hash Family one function at a time. At each stage, a new function is added
to the family that maximizes the number of ”new” w-subsets that are separated. When all wsubsets are separated, the algorithm stops. It seems quite interesting that such a simple greedy
stategy yields such good bounds.
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2.2

Separating Hash Families

We can use similar approach to prove bounds for separating hash families.
An (n, m, {w1 , w2 })-separating hash family is a set of functions F, such that |Y | = n, |X| =
m, f : Y → X for each f ∈ F, and for any C1 , C2 ⊆ {1, 2, . . . , n} such that |C1 | = w1 , |C2 | = w2
and C1 ∩ C2 = ∅, there exists at least one f ∈ F such that
{f (y) : y ∈ C1 } ∩ {f (y) : y ∈ C2 } = ∅.
The notation SHF(N ; n, m, {w1 , w2 }) will be used to denote an (n, m, {w1 , w2 })-separating hash
family with |F| = N.
An SHF(N ; n, m, {w1 , w2 }) yields an (N, n, q)-array, say A, which satisfies the property that,
for any choice of w1 columns of A, say C1 , and for any choice of w2 columns of A, say C2 , where
T
C1 C2 = ∅, there exists a row of A in which the entries in the columns in C1 are different
from the entries in the columns in C2 . We only discuss results where w1 6= w2 . The cases when
w1 = w2 can be handled in a similar way.
The bounds for separating hash families depend on values of certain chromatic polynomials
which we now define. Given a graph G = (V, E), let Π(G, m) be the chromatic polynomial
of G, which is defined as follows: For a positive integer m, let Π(G, m) denote the number of
m-colorings of G (i.e., the number of ways to color the vertices of G using a specified set of
m colors, such that no two vertices having the same color are joined by an edge e ∈ E). It is
well-known that Π(G, m) is a polynomial in m of degree |V |. If the vertices of G are colored
independently, at random, using m colors, then the probability that the result is an m-coloring
is Π(G, m)/m|V | . The complete bipartite graph with parts w1 and w2 is denoted Kw1 ,w2 .
The following result is given in [14] using the basic probabilistic method.
Theorem 2.4 Suppose w1 6= w2 . Then there exists a SHF(N ; n, m, {w1 , w2 }) if


1
log wn1 + log n−w
w2
N>
− log p
where
p=1−

Π(Kw1 ,w2 , m)
.
mw1 +w2

Now we use the Stein-Lovász Theorem to get a similar result.
Theorem 2.5 There exists a SHF(N ; n, m, {w1 , w2 }) with
mw1 +w2
N≤
Π(Kw1 ,w2 , m)





n
1 + log
w1



n − w1
w2



Proof: We construct the following incidence matrix A = (aij ), with mn columns labeled by all


1
the vectors of length n over an alphabet of cardinality m. The number of rows is wn1 n−w
.
w
2

n
Let us associate to each row a double number, the first part being a number from 1 to w1 , and

1
the second being a number from 1 to n−w
and a disjoint w2 -subset, We can
w2 . For a w1 -subset


n
1
assign a double number (i1 , i2 to it, where i1 ∈ {1, 2, · · · w1 } and i2 ∈ {1, 2, · · · n−w
w−2 }. Then
5

we have aij = 1 if, in the vector labeling the column j, the entries confined to the w1 -subset
with number i1 are distinct from the entries confined to the disjoint w2 -subset with number i2 .
Otherwise, aij = 0.
Therefore, if there is a sub matrix having N columns, with each row having at least one ”1”,
then there exists a SHF(N ; n, m, {w1 , w2 }). Now we can evaluate the block number N by the
Stein-Lovász Theorem.
Obviously, every row of A has weight Π(Kw1 ,w2 , m)mn−w1 −w2 . The weight of every column


1
is at most wn1 n−w
w2 . So by the Stein-Lovász Theorem,
mw1 +w2
N≤
Π(Kw1 ,w2 , m)





n
1 + log
w1



n − w1
w2


,

which is the desired result.
Note that the analysis in Remark 2.3 also applies here, so the two bounds from Theorem 2.4
and Theorem 2.5 are also roughly the same.

2.3

Splitting systems

Suppose n and t are even integers, 0 < t < n. An (n, t)-splitting system is a pair (X, B) that
satisfies the following properties:
1. |X| = n, and B is a set of

n
2 -subsets

of X, called blocks

2. for every Y ⊆ X such that |Y | = t, there exists a block B ∈ B such that |B ∩ Y | = t/2.
We will use the notation (N ; n, t)-SS to denote an (m, t)-splitting system having N blocks.
In [13], splitting systems were used in baby-step giant-step algorithms for discrete logarithm problem with low hamming weight. In these baby-step giant-step algorithms, better time
complexity can be achieved if the splitting system used fewer blocks..
The following result was proved by classic probabilistic method in [13].
Theorem 2.6 A (N ; n, t)-SS, where n and t are even, exists whenever

log nt
N>
− log q
where
q =1−

t
t/2



n−t
(n−t)/2

n
n/2



We can use the Stein-Lovász Theorem to get a similar result.
Theorem 2.7 A (N ; m, t)-SS exists with
n

N≤

n
2

t

t
2





 n !
1 + 2 ln

n−t 
n−t
2
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2
t
2


Proof: We construct the following incidence matrix A = (aij ), with nn columns labeled by
2
all the vectors of length n and weight n2 , which ensures the set is uniform. We label the columns


with j = 1, 2, · · · , nn . The number of rows is nt . Since there is natural correspondence between
2

the t-subsets and the numbers from 1 to nt , denote the rows by i. If, in the vector labeling the
column j, the t-subset with number i has exactly t/2 ones, then aij = 0. Otherwise, aij = 0.
Therefore, if there is a sub matrix having N columns, with each row having at least one
”1”, then there exists a (n, t)-splitting system on N blocks. Now we will bound the number of


blocks, N . Obviously, every row of A has weight v = tt n−t
and the weight of every column
n−t
2
2
n 2
is a = 2t . Then, by the Stein-Lovász Theorem,
2

n

N≤

n
2

t

t
2





 n !
1 + 2 ln

n−t 
n−t
2

2
t
2

,

which is the desired result.

2.4

Covering Designs

Suppose v, k, t are integers and 0 < t ≤ k ≤ v. An (v, k, t) covering design is a pair (X, B) such
that
1. |X| = v and B is a set of k-subsets of X, called blocks and
2. every t-subset of X is a subset of at least one member of B.
Let C(v, k, t) denote the size of an (v, k, t) covering design with the smallest number of blocks
(v)
possible. It is clear that C(v, k, t) ≥ kt .
(t)
 
In [12], Rödl showed that C(v, k, t) ≤ (1 + o(1)) vt / kt , using a non-constructive probabilistic argument.
We now show that we can construct a (v, k, t) covering design with at most
 k 

v
k
1 + ln t blocks. This is not as sharp as Rödl’s result, but it is constructive.
k / t
Theorem 2.8 C(v, k, t) ≤

v
k



/

k
t



1 + ln

k
t



Proof: Let X be a set of size v. We construct the following incidence matrix A = (aij ),

with kv columns labeled by the k-subsets of X. Label the rows of A with the t-subsets of X.
Now, set aij = 1 if the k-subset corresponding to the ith column of A contains the t-subset
corresponding to the j th row of A. Otherwise, set aij = 0. Notice that each row contains exactly


v−t
k
entries that are 1.
k−t entries that are 1 and each column has exactly
t

v
By the Stein-Lovász Theorem, there is a k × K sub matrix C such that
C does not

 v−t 

 v−t
v
k
v
=
contain an all-zero row and K ≤ k / k−t (1 + ln t . We see that k / k−t 1 + ln kt














k
k
k
k
v k
v v−t
v
v
.
Therefore,
there
are
at
most
/
1
+
ln
1
+
ln
,
as
=
/
t
k l
t k−t
t
t
t
t
t
columns in C. Finally, by definition of A and C, the k-subsets that correspond to the columns
of C form a (v, k, t) covering design.
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2.5

Lotto Designs

An (n, k, p, t)-lotto design or generalized covering is an n-set, V , of elements and a set B of kelement subsets of V , so that for any p-set, P of V , there is a k-set, B ∈ B for which |P ∪ B| ≥ t.
L(n, k, p, t) denotes the smallest number of k-sets in any (n, k, p, t)-lotto design.
In [8], there is a survey of results on lotto designs. The volume bound is L(n, k, p, t) ≥



min((n
, n )
n Pmin(p,k) p n−p
p) ( t )
/
and
a
general
upper
bound
is
L(n,
k,
p,
t)
≤
d
e There is no
i=t
p
i k−i
b kt c
probabilistic upper bound for lotto designs in the literature. However, one can get a constructive
upper bound with the following theorem.
Theorem 2.9 L(n, k, p, t) ≤

P

P

min(p,k)


(ki)(n−k
n 1+ln i=t
p−i )
.
min(p,k) p n−p
k
( )( )
i=t

i

k−i


Proof: A lotto design has the following incidence matrix A = (aij ), with nk columns labeled

by the k-subsets of V and with np rows of A labeled by the p-subsets of V . Now, set aij = 1
if the p-subset corresponding to the ith row of A intersects the k-subset corresponding to the
j th column of A in t or more elements. Otherwise, set aij = 0. Notice that each row contains
Pmin(p,k) p n−p
Pmin(p,k) k n−k
exactly i=t
i=t
i k−i entries that are 1 and each column has exactly
i
p−i .
entries that are 1.
The Stein-Lovász Theorem can now be used to get the result.

2.6

∆-free systems

A family of r sets is called a ∆- system of size r if any two of the r sets have the same intersection.
That is, B1 , . . . , Br is a ∆-system of size r if
\
r
Bj ∩ Bj 0 =
i=1 Bi ,
0

0

for all j, j ∈ {1, . . . , r}, j 6= j . An (N, n, r) − ∆−free system is a set system (X, B), with
|X| = N and |B| = n, such that no subset of r of the blocks in B forms a ∆- system of size r.
Denote by N (n, r) the minimum integer N such that there exists an (N, n, r) − ∆−free system.
The problem of determining bounds on N (n, r) has a long history and has been studied by many
authors (for a paper on this topic, see [4]). It has been observed as early as 1978 (see[5]) that
upper bounds on (N, n, r) can be obtained by using the probabilistic method, though detailed
results do not seem to have been published.
We can use the Stein-Lovász Theorem to get a bound. The proof is a modification of the
proof given in [3] and is similar to other proofs we have presented in this paper, and therefore
it is omitted.
Theorem 2.10 A (N, n, r) − ∆-free system exists with
 
n
1
(1 + ln
)
N≤
1−q
r
where
q = ρr + rρr−1 (1 − ρ) + (1 − ρ)r , ρ =

8

1
(r −

1)1/(r−2)

+1

3

Concluding remarks

In this paper, we use the Stein-Lovász Theorem to get bounds for some combinatorial structures,
such as perfect hash families, separating hash families, splitting systems, covering designs, lotto
designs and ∆-free systems, and most of these bounds are roughly the same as those obtained
by the basic probabilistic method. Thus, the Stein-Lovász Theorem, due to its constructive
nature, can be looked at as a de-randomized algorithm for the basic probabilistic methods for
most of the discussed problems. Note that better bounds for these problems have been obtained
by more sophisticated probabilistic methods, like the Lovász Local Lemma[3],or the second
moment method (see [1] or [12]). It is an interesting open problem to find the corresponding
de-randomized algorithms.
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