
Lotto Design Tables

P. C. Li and G. H. J. van Rees∗

Department of Computer Science
University of Manitoba
Winnipeg, Manitoba
Canada R3T 2N2

lipakc@cs.umanitoba.ca vanrees@cs.umanitoba.ca

Abstract

An LD(n, k, p, t; b) lotto design is a set of b k-sets (blocks) of an
n-set such that any p-set intersects at least one k-set in t or more
elements. Let L(n, k, p, t) denote the minimum number of blocks in
any LD(n, k, p, t; b) lotto design. We will list the known lower and
upper bound theorems for lotto designs. Since many of these bounds
are recursive, we will incorporate this information in a set of tables for
lower and upper bounds for lotto designs with small parameters. We
will also use back-track algorithms, greedy algorithms and simulated
annealing to improve the tables.

1 Introduction

There are many lotteries in the world. They tend to be very similar
in operation. The way most lotteries work is as follows. For a small
fee, a person chooses k numbers from n numbers or has the numbers
chosen randomly for her/him. This is the ticket. At a certain point no
more tickets are sold and the government or casino picks p numbers
from the n numbers, usually in a random fashion. These are called

∗research supported by NSERC grant OGP # 0003558

1



the winning numbers. If any of the tickets sold match t or more of the
winning numbers, then a prize is given to the holder of the matching
ticket. The larger the value of t, the larger the prize. Usually t must
be three or more to receive a prize. Many people and researchers are
interested to know what is the minimum number of tickets necessary
to ensure that at least one ticket will intersect the winning numbers
in t or more numbers, for varying values of t. See the following for
research papers on the subject [1], [2], [5], [6], [8]and [11]. For an
enlightening overview on this subject see Colbourn and Dinitz[7].

More formally we may define an (n, k, p, t) lotto design to be a
set of k-sets (also called blocks) of an n-set such that any p-set in-
tersects at least one k-set in t or more elements. A p-set is said to
be represented by a block B if B intersects the p-set in at least t ele-
ments. Further it is said that the p-set is represented by the design if
it is represented by one block in the design. An LD(n, k, p, t; b) is a
(n, k, p, t) lotto design with exactly b blocks. Let L(n, k, p, t) denote
the minimum number of blocks in any LD(n, k, p, t; b). Clearly these
definitions mirror the lottery situation and the fundamental problem
is to determine L(n, k, p, t). The following is a typical example of a
lotto design.

Example 1.1 : The set of 6-sets {{1, 2, 3, 4, 5, 6}, {1, 2, 3, 4, 5, 7},
{1, 2, 3, 4, 6, 7}, {1, 2, 3, 5, 6, 7}, {8, 9, 10, 11, 12, 13}} forms an
LD(13, 6, 5, 3; 5) lotto design.

There are many theoretical results known about the upper and
lower bounds for L(n, k, p, t). Many of these results are recursive.
There are various computer results known, some published, some not.
It is getting difficult to know if a particular result is new or not.
So the focus in this paper is to produce tables of upper and lower
bounds for L(n, k, p, t), for small parameters. We have written two
papers [15] [16] that give lower and upper bounds on lotto designs.
Most of the known results can be found in these papers. There are
also some other results in the thesis of Li [13] that we will discuss
briefly in this paper. We will also have a section in this paper on
computer algorithms for finding L(n, k, p, t). All this information will
then be incorporated into the tables. We have decided that we would
calculate and maintain all bounds for the parameters up to n = 20.

Two special subclasses of lotto designs are covering designs and
Turán designs. A (n, k, t) covering design is an (n, k, t, t) lotto design
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and a (n, p, t) Turán design is an (n, t, p, t) lotto design. The mini-
mum number of blocks in any (n, k, t) covering design is denoted by
C(n, k, t) and the minimum number of blocks of any (n, p, t) Turán de-
sign is denoted by T (n, p, t). The complement of a covering design is a
Turán design. Both covering and Turán designs have been thoroughly
studied. Gordon et al. [9] [10] have excellent tables on covering designs
so we will not produce lotto design numbers with these parameters.

Another subclass of lotto designs that have been studied exten-
sively (see Füredi et al. [8]) are lotto designs with t = 2. Their prop-
erties are closely related to graph properties and they have obtained
good non-recursive results.

Since there too many entries to publish in a journal, we have de-
cided that only the most interesting parameters could be published
in this paper but that the interested reader could get all the numbers
from the following web site, [14]. This web site will be up-dated as
new results are made known to us. In this paper, we publish upper
and lower bounds for t = 2, 3, 4; p = t + 1, . . . , 10; k = t + 1 . . . , 12
and n = p + 1, . . . , 20.

2 Theoretical Results

Li’s thesis [13] contains most of the theoretical results known about
lotto designs. Most of these results have been published in Li & van
Rees [15] [16]. However, this leaves a few results that merit discussion.

There are a set of theorems that we call the Monotonicity The-
orems. They show the relationship in size between L(n, k, p, t) and
L(n+a, k+b, p+c, t+d) where a, b, c, d ∈ 0, 1. They are easy to prove
(see Li [13]) but quite useful. We will prove just one of the results.
There should be 15 of them but one is missing. It is missing because
L(n, k, p, t) can not be directly compared with L(n, k +1, p+1, t+1).
Sometimes it is bigger, sometimes less. It would be nice to have a
theorem of some sort relating these two numbers.

Theorem 2.1 L(n, k, p, t) ≤ L(n + 1, k, p, t).
L(n, k, p, t) ≥ L(n, k, p + 1, t).
L(n, k, p, t) ≥ L(n + 1, k + 1, p, t).
L(n, k, p, t) ≥ L(n + 1, k + 1, p + 1, t).
L(n, k, p, t) ≥ L(n, k + 1, p, t).
L(n, k, p, t) ≤ L(n, k, p, t + 1).
L(n, k, p, t) ≤ L(n + 1, k + 1, p + 1, t + 1).
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L(n, k, p, t) ≤ L(n + 1, k + 1, p, t + 1).
L(n, k, p, t) ≤ L(n + 1, k, p, t + 1).
L(n, k, p, t) ≤ L(n, k + 1, p, t + 1).
L(n, k, p, t) ≤ L(n, k, p + 1, t + 1).
L(n, k, p, t) ≤ L(n + 1, k, p + 1, t + 1).
L(n, k, p, t) ≥ L(n + 1, k, p + 1, t).
L(n, k, p, t) ≥ L(n, k + 1, p + 1, t).

Proof of L(n, k, p, t) ≤ L(n, k + 1, p, t + 1). Let B be the blocks
of an (n, k + 1, p, t + 1) lotto design. Let B1 = {B′ : B′ = B \
{the largest element in B}, B ∈ B}. Consider an arbitrary set, P , of
size p. It intersects some block of B in at least t + 1 elements. So it
intersects the corresponding block in B1 in at least t elements. Hence
B1 is a (n, k, p, t) lotto design. 2

The following lower bound appears in Li [13] and is a generalization
of Bate’s result [1].

Theorem 2.2 If k1 > k2, then L(n, k1, p1, t) ≥ L(n,k2,p,t)
L(k1,k2,t,t) .

Proof Consider a (n, k1, p1, t) lotto design B containing b blocks. For
each of its b blocks, construct a (k1, k2, t, t) lotto design. Let C denote
the set of all k2-sets in the b (k1, k2, t, t) lotto designs. Then C is an
(n, k2, p, t) lotto design. To show this consider an arbitrary set P of
size p. P must intersect some block of B in t elements as B is an
(n, k1, p, t) lotto design. These t elements must be a block in C by
definition. Hence C is an (n, k2, p, t) lotto design. So L(n, k2, p, t) ≤
L(n, k1, p, t) ∗ L(k1, k2, t, t). 2

The next three theorems are closely linked.

Theorem 2.3 If L(n, k, p, t) = b < n
k , then L(n, k, p, t) ≥ L(n −

1, k, p− 1, t).

Proof Assume that b < L(n − 1, k, p − 1, t). Then there exists an
(n, k, p, t) lotto design with b blocks whose elements have average fre-
quency in the design of kb

n < kn
nk = 1. This means that there is

an element of frequency 0 in the lotto design. These blocks can be
considered a (n − 1, k, p − 1, t) lotto design. Hence there exists an
(n − 1, k, p − 1, t) lotto design on b blocks. This is a contradiction as
we assumed b < L(n− 1, k, p− 1, t). 2
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Corollary 2.1 If L(n, k, p, t) = b < n
k , then L(n, k, p, t) = L(n −

1, k, p− 1, t).

Proof Apply Theorem 2.3 and Theorem 2.1. 2

Theorem 2.4 If L(n, k, p, t) = b < 2n
k , then L(n, k, p, t) ≥ L(n− k +

t− 2, k, p− 1, t) + 1.

Proof Assume b < L(n− k + t− 2, k, p− 1, t) + 1. Then there exists
an (n, k, p, t) lotto design on b blocks with elements whose average
frequency in the design is kb

nk < k2n
nk = 2. This means that there is at

least one element of frequency 0 or 1 in the design. As in the previous
theorem, if there is an element of frequency 0, then there exists an
(n − 1, k, p − 1, t) lotto design on b < L(n − k + t − 2, k, p − 1, t) + 1
blocks. But by the generalized Schönheim bound (listed as number 30
in Figure 1), L(n−k+t−2, k, p−1, t)+1 ≤ L(n−1, k, p−1, t). This is
a contradiction. If there is an element, x, of frequency 1, then consider
the blocks, B, that do not contain x. Delete k− t + 2 of the elements
in B that occur with x and replace them with arbitrary elements.
These blocks can be considered to be a (n− k + t− 2, k, p− 1, t) lotto
design. So there exists an (n − k + t − 2, k, p − 1, t) lotto design on
b− 1 < L(n− k + t− 2, k, p− 1, t) blocks which is a contradiction. 2

Theorem 2.5 If L(n, k, p, t) = b < 3n
k , then L(n, k, p, t) ≥

min(2n
k , L(n− k + t− 2, k, p− 1, t) + 1).

Proof Assume b < min(2n
k , L(n − k + t − 2, k, p − 1, t) + 1). Then

there exists an (n, k, p, t) lotto design on b blocks with elements whose
average frequency in the design is less than 3. This means that there
is an element of frequency 0, 1 or 2 in the design. As in the previous
theorem, if there is an element of frequency 0, then there exists an
(n − 1, k, p − 1, t) lotto design on b < L(n − k + t − 2, k, p − 1, t) + 1
blocks. Again, by the generalized Schönheim bound (listed in Figure
1), L(n − k + t − 2, k, p − 1, t) + 1 < L(n − 1, k, p − 1, t), which is a
contradiction. Again as in the previous theorem, if there is an ele-
ment of frequency 1, then there exists an (n − k + t − 2, k, p − 1, t)
lotto design on b − 1 < L(n − k + t − 2, k, p − 1, t) blocks which is
also a contradiction. Therefore, every element has frequency at least
two and so there are at least 2n

k blocks in the design which again is a
contradiction. 2
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The next theorem lists 27 results from Li’s thesis [13] that were
proved by hand in mostly case work. Because the proofs are not
that interesting and are repetitive, they are left out in this paper.
However these cases ensure that all values of L(n, k, p, 2) are solved
for parameters less than 21 and t = 2.

Theorem 2.6 L(14,3,4,2)=11, L(16,3,4,2)=14, L(18,3,4,2)=17,
L(19,3,4,2)=18, L(20,3,4,2)=20, L(18,3,5,2)=13, L(19,3,5,2)=15,
L(20,2,5,2)=16, L(13,4,3,2)=8, L(14,4,3,2)=9, L(15,4,3,2)=11,
L(16,4,4,2=12), L(17,4,3,2)=14, L(18,4,3,2)=15, L(19,4,3,2)=16,
L(20,4,3,2)=18, L(19,4,4,2)=11, L(20,4,4,2)=12, L(15,5,3,2)=7,
L(16,5,3,2)=8, L(17,5,3,2)=9, L(18,5,3,2)=10, L(19,5,3,2)=11,
L(20,5,3,2)=12, L(20,6,3,2)=8, L(11,5,4,3) ≥ 8, L(9,4,4,3)=9.

3 Computer Algorithms

We use three types of algorithms to improve our tables. They are
exhaustive backtracking, greedy methods and simulated annealing.
These techniques are very similar to the techniques described by Gor-
don et al. [9]. The ideas of combinatorial computing can be found in
the excellent book of Kreher & Stinson [12].

Exhaustive backtrack algorithms for computing lotto designs date
back to Bate [1]. The idea is to find an uncovered p-set. Then find all
k-sets or blocks that represent that p-set. Choose one of these blocks
to add to the design. Repeat until a lotto design is found or there are
no more blocks to choose. If there are no more blocks to choose at the
rth level, then reject the current choice of block at the (r−1)th level and
choose a different block there. In this way all possible sets of blocks
can be generated. To find a minimal block design, one backtracks as
soon as the number of blocks in the design reaches the current upper
bound.

This is a very slow algorithm only suitable for very small parame-
ters. Furthermore, a lot of memory may be required to store all data
structures required by the algorithm.

Bate did two things to speed up his search. First, he used a sim-
plified version of isomorphic rejection. When adding the rth block to
the design, a check is made to see if these r blocks are isomorphic to
some previously considered r blocks. If so, the block is rejected as the
rth block. Complete isomorphism testing is expensive so Bate only
checked easy to find isomorphisms. Secondly, he used look-ahead to
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see which set of blocks were never going to produce a minimal design.
He did this by dividing how many p-sets were represented by a block
into the number of p-sets not yet represented to get a lower bound on
the number of blocks still needed. If this number is added the level
number and it is bigger than the current upper bound, rejection may
immediately take place.

To conserve memory, both the blocks of a design and p-sets were
represented by integers. Each p-set and k-set were assigned a unique
integer called an index. To do this, good algorithms are needed to
relate a number and a set of n numbers. These exist but space is
being traded for time. These methods of Bate, even when updated,
are still very slow and only suitable for small parameters. However,
these algorithms are easily parallelized and slightly larger parameters
could be attacked in the future.

Another exhaustive algorithm that we investigated was integer pro-
gramming. It is easy to turn the lotto design problem into an integer
programming problem. The CPLEX linear programming package was
used to evaluate small parameters. It was used sequentially but not
with much success. The only result computed using this technique
was L(10, 4, 5, 3) = 7. Perhaps the parallel version would do better.

Unfortunately, exhaustive backtrack is the only algorithm that we
know that gives lower bounds. Therefore, it is worthwhile to spend
time on these algorithms to provide careful and efficient implementa-
tions. It would certainly be worthwhile to write a parallel exhaustive
search that would improve many of the lower bounds in this and ex-
panded tables.

Since exhaustive techniques are too slow, greedy algorithms were
used to generate better upper bounds for the tables. The idea of a
greedy algorithm is to order the p-sets and blocks. Then pick the first
block in the ordered list that represents the most unrepresented p-sets.
This is really fast compared to the exhaustive techniques but is not
guaranteed to give a minimal lotto design. This technique requires a
fair bit of memory to run and has to do a fair bit of work finding the
block which represents the most unrepresented k-sets. Again, this can
be speeded up for the cost of more memory.

There are many orderings that we can choose for the blocks. We
have implemented the greedy algorithms with lexicographical, reverse
lexicographical, co-lexicographical and random orderings. Each of
these orderings were useful. Greedy algorithm found many of the best
upper bounds. It takes a great deal of time with simulated annealing,
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our next algorithm, to improve on its results.
The last type of search probably holds out the most hope for get-

ting really good results. But at a great cost. These are the heuris-
tic techniques such as hill-climbing, simulating annealing and tabu
search. Simulated annealing has been extensively applied to a good
proportion of the table. Bluskov [3] got some of his good results using
simulated annealing. We have re-implemented Nurmela and Oster-
gard’s [17] simulated annealing algorithm to get many of the results
in our tables.

The idea of simulated annealing is to pick b random blocks. Of
course, many p-sets are not represented. We then think about re-
placing a particular random block in the solution with a neigbouring
block. If the number of unrepresented p-sets decreases, this is done. If
not, then there is a small probability, which decreases over time, that
we will accept it anyways. This way the algorithm will, hopefully, not
get stuck in a local minimum. After a fixed number of iterations, we
stop with no design found or before that we find one with b blocks
and then we try the algorithm with b − 1 blocks. This algorithm is
quite costly in time and space, but does give better and better re-
sults if enough computing power is used. Simulated annealing is the
most useful overall algorithm for upper bounds. Parallel simulated
annealing is not well-understood. The side-effects of communication
between processors is not known. There is the possibility in these
parallel algorithms to get very good speed-ups.

Nevertheless, one algorithm will not be suitable for all parameters.
Lotto designs are just too large a problem. Although an algorithm
may do quite well with one set of parameters, other parameters will
be totally inappropriate to try. This means that there must be a
variety of algorithms to obtain better bounds just as there must be a
variety of theoretical constructions to produce good highly-structured
lotto designs. We suggest that LD(n, 5, 4, 3)′s are a good place to try
to improve the tables. The number of blocks is relatively small but
the gap between the upper and lower bound is large.

4 Tables

In the tables, There are upper and lower bounds for t = 3, 4, 5, p =
t + 1, . . . , 10, k = t + 1 . . . , 12, and n = p + 1, . . . , 20. For each table,
the value of p and t are fixed and the values of n and k vary. The
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column labels represent the value of n and the row labels represent the
value of k. The upper entry is the lower bound and the lower entry
is the upper bound. Any row which consists entirely of the value 1 or
NA (not applicable) are not displayed.

There is a subscript for each entry telling how the number was
obtained. This subscript could refer to a theorem in one of our two
previous papers, a theorem in this paper or refer to an entry in Gor-
don’s tables or Bate’s tables or refer to a result reported to us by other
researchers such as Bluskov [1]. We restate all these theorems. For
some entries we could make several references. We have chosen the
reference that is most convenient for us. This reference is not neces-
sarily the first one in the literature. Some numbers are missing from
the list. That is because there was a theorem or technique encoded
that became redundant.

When a new result is put into the table, all known recursive results
must be re-applied to the tables. This is repeated until the tables no
longer change. These tables are constantly changing and we encourage
researchers with new results to contact us so their results may be
incorporated into the tables.

We now list the meanings of the subscripts that occur in this paper
and the web site.

0-The lower bound of 1 and the upper bound of
(
n
k

)
1-L(n, k, p, t) ≤ (n

t)
(p−1

t−1)(
k
t)

n−p+1
n−t+1 . Theorem 2-6 in Li & van Rees [15]

2-L(n, k, t, t) ≥ dn
k L(n − 1, k − 1, t − 1, t − 1)e Schönheim Bound for

Coverings, [18].
3-Tables of Bate [1]
4-Tables of Gordon, Patashnik & Kuperberg [9]
7-L(n, k, p, t) = 1 if n− k ≤ p− t.
8-L(n, k, p, t) ≤ L(n1, k, p1, t) + L(n2, k, p2, t), if n = n1 + n2 and
p = p1 + p2 − 1. Proposition 8.8 in CRC Handbook of Combinatorial
Designs [7].
9-Tables of Bluskov [3]
10-L(v, k, p, t) ≤ b pr

t−1c
(
t−1
2

)
+

(pr−b pr
t−1

c(t−1)

2

)
if a (v, b, r, k, λ)-BIBD

exists. L(xk, k, p, t) ≤ λx(xk−1)
k−1 if (b p

t−1

(
t−1
2

)
+

(p− p
t−1

(t−1)

2

)
)λxk−1

k−1 <

λ
(
p
2

)
and if a resolvable BIBD (xk, λx(xk−1)

k−1 , λ(xk−1
k−1 , k, λ) exists. L(4a+

3, 2a + 1, 2t − 2, t) ≤ 4a + 3 if a > t − 2 and if there exists a (4a +
3, 4a + 3, 2a + 1, 2a + 1, a) BIBD. Theorems 3.1, 3.2, 3.3 in Li & van
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Rees [16].
11-L(n, k, p, t) = L(n, n−k, n−p, n−k−p+t). Corollary to Theorem
2.1.1 in Bate [1].
12-25-Theorem 2.1 in the order presented.
26-L(n + 1, k + 1, p + 1, t + 1) ≤ L(n, k, p, t) + L(n, k + 1, p + 1, t + 1).
Theorem 5.1 in Li & van Rees [16]
28-L(n, k, p, t) = r + 1 if n − k ≥ p − t + 1 and d r

r+1ne ≤ k where
r = b p

p−t+1c. Theorem 4.3 in Li & van Rees [15]
29-L(n+1, k+1, p+1, t) ≤ b2− n

k L(n, k, p, t)c+L(n−1, k+1, p+1, t).
Theorem 5.6 in Li & van Rees [16].

30-L(n, k, p, t) ≥ d
(

n
k−t+1

)
L(n−k−t−1,k,p,t)(

n
k−t+1

)
−
(

k
k−t+1

) e. Generalized Schönheim

Bound. Theorem 3.2 in Li & van Rees [15]
31-L(n, 3, 3, 2) = dn2−2n

12 e if n ≡ 2, 4, 6(mod12)
L(n, 3, 3, 2) = dn2−2n

12 e+ 1 if n ≡ 0, 8, 10(mod12)
L(n, 3, 3, 2) = dn2−n

12 e if n ≡ 1, 3, 5, 7(mod12)
L(n, 3, 3, 2) = dn2−n

12 e+ 1 if n ≡ 9, 11(mod12)
Bate’s Theorem in Theorem 2.2 in Li & van Rees [15] or Brouwer [5].
33-L(n, k, t+1, t) ≥ min(L(n, k, t−1, t−1), L(n−t+1, k−t+2, 2, 2)).
L(n, k, t + 2, t) ≥ min(L(n, k, t, t− 1), L(n− t, k − t + 2, 2, 2)).
L(n, k, 6, 3) ≥ min(L(n, k, 4, 2), L(n− 4, k − 1, 2, 2)).
Theorem 4.1, 4.2, 4.4 in Li & van Rees [15] .
34-Theorem 2.2
35-L(mn, 2m, zn + 2, 2z + 2) ≤

(
n
2

)
for z ≤ m for m an integer. The-

orem 5.5 in Li & van Rees [16].
36-L(2k + 1, k, 5, 3) ≥ 5 if k ≥ 5. Theorem 4.5 in Li & van Rees [15].
L(2k + 2, k, 6, 3) ≥ 4 if k ≥ 3. Theorem 4.6 in Li & van Rees [15].
L(3k + 1, k, 7, 3) ≥ 6 if k ≥ 3. Theorem 4.7 in Li & van Rees [15].
L(k + 2, k, 4, 3) ≥ 3 if k ≥ 3. Theorem 4.8 in Li & van Rees [15].
L(3k + 2, k, 8, 3) ≥ 5 if k ≥ 3. Theorem 4.9 in Li & van Rees [15].
L(3k + 3, k, 9, 3) ≥ 4 if k ≥ 3. Theorem 4.3.12 in Li [13].
L(2k + 3, k, 9, 4) ≥ 4 if k ≥ 4. Theorem 4.10 in Li & van Rees [15].
L(2k + 2, k, 8, 4) ≥ 4 if k ≥ 4. Theorem 4.3.14 in Li [13].
L(3k + 2, k, 11, 4) ≥ 5 if k ≥ 4. Theorem 4.11 in Li & van Rees [15].
L(3k + 3, k, 12, 4) ≥ 5 if k ≥ 4. Theorem 4.12 in Li & van Rees [15].
L(2k + 4, k, 12, 5) ≥ 4 if k ≥ 5. Theorem 4.13 in Li & van Rees [15].
L(2k + 3, k, 11, 5) ≥ 4 if k ≥ 5. Theorem 4.3.18 in Li [13].
37-L(n, k, p, t) ≥ dL(n,t,p,t)(

k
t

) e. Theorem 4.1 in Bate [1].

38-L(n, k, p, t) ≥ L(n− 1, k, p− 1, t) if L(n, k, p, t) = b < n
k .

10



L(n, k, p, t) ≥ L(n− k + t− 2, k, p− 1, t) + 1 if L(n, k, p, t) = b < 2n
k .

L(n, k, p, t) ≥ min(2n
k , L(n− 1, k, p− 1, t) + 1 if L(n, k, p, t) = b < 3n

k .
Theorems 2.3, 2.4 & 2.5.
39-L(n, k, p, t) ≤ L(n1, k, p − r, t) + L(n1, k1, p − r − 1, t − r − 1) if
n1 < n, p − r ≥ t, k1 ≥ t − r − 1 and k1 = k − n + n1. Semi-direct
Product. Theorem 4.1 in Li & van Rees [16].
40-Greedy Algorithms.
41-Simulated Annealing.
42-If L(n, k, p, 2) = b ≥ n

k then L(mn, mk, p, 2) ≤ b. Theorem 5.4 in
Li & van Rees [16].
43-Theorem 2.6.
44-Results from Boyer, Kreher, Radziszowski, Zou & Siderenko [4].
45-L(3n, 3, 4, 3) ≤ 3

(
n
3

)
+ 3n

(
n
2

)
.

L(3n + 1, 3, 4, 3) ≤ 2
(
n
3

)
+

(
n+1

3

)
+ (2n + 1)

(
n+1

2

)
+ n

(
n
2

)
.

L(3n + 2, 3, 4, 3) ≤
(
n
3

)
+ 2

(
n+1

3

)
+ (2n + 1)

(
n+1

2

)
+ (n + 1)

(
n
2

)
.

Turán [19] results stated in Li [13].
46-Linear Programming using CPLEX.
47-Exhaustive Backtrack Algorithm.
48-Genetic Simulated Annealing

11



5 Tables

n\k 3 4 5 6 7 8 9 10 11 12
5 231 10 10

231 17 10

6 23 28 10 10

23 211 17 10

7 43 28 28 10 10

43 211 211 17 10

8 53 23 28 28 10 10

53 23 211 211 17 10

9 73 43 23 28 28 10 10

73 43 23 211 211 17 10

10 83 43 23 23 211 211 10 10

83 43 23 23 211 211 17 10

11 103 63 43 23 23 211 211 10 10

103 63 43 23 23 211 211 17 10

12 113 63 43 23 23 23 211 211 10 10

113 63 43 23 23 23 211 211 17 10

13 133 843 53 43 23 23 23 211 211 10

133 83 53 43 23 23 23 211 211 17

14 143 943 638 43 23 23 23 23 211 211

143 93 63 43 23 23 23 23 211 211

15 183 1143 743 43 43 23 23 23 23 211

183 113 73 43 43 23 23 23 23 211

16 193 1243 843 53 43 23 23 23 23 23

193 123 83 53 43 23 23 23 23 23

17 2331 1443 943 638 412 438 212 212 212 212

2331 148 98 68 48 48 211 211 211 211

18 2431 1543 1043 638 538 438 212 212 212 212

2431 158 108 68 58 48 28 211 211 211

19 2931 1643 1143 738 638 438 438 212 212 212

2931 168 118 78 68 48 48 211 211 211

20 3131 1843 1243 843 638 437 438 212 212 212

3131 188 128 88 68 48 48 28 211 211

p=3, t=2

12



n\k 3 4 5 6 7 8 9 10 11 12
6 28 10 10 10

28 17 17 10

7 23 28 10 10 10

23 211 17 17 10

8 33 23 28 10 10 10

33 23 211 17 17 10

9 33 23 28 28 10 10 10

33 23 211 211 17 17 10

10 53 33 23 23 211 10 10 10

53 33 23 23 211 17 17 10

11 63 33 23 23 211 211 10 10 10

63 33 23 23 211 211 17 17 10

12 843 33 33 23 23 211 211 10 10 10

83 33 33 23 23 211 211 17 17 10

13 93 53 33 23 23 23 211 211 10 10

93 53 33 23 23 23 211 211 17 17

14 1143 53 33 33 23 23 23 211 211 10

113 53 33 33 23 23 23 211 211 17

15 123 738 33 33 23 23 23 23 211 211

123 73 33 33 23 23 23 23 211 211

16 1443 73 53 33 33 23 23 23 23 211

143 73 53 33 33 23 23 23 23 211

17 158 938 512 312 312 212 212 212 212 212

158 98 58 38 312 28 211 211 211 211

18 1743 938 638 312 312 326 212 212 212 212

178 98 68 38 38 314 28 211 211 211

19 1843 1143 738 538 312 311 212 212 212 212

188 118 78 58 38 312 28 211 211 211

20 2043 1243 838 538 312 337 311 212 212 212

208 128 88 58 38 38 314 28 211 211

p=4, t=2

13



n\k 3 4 5 6 7 8 9 10 11 12
7 28 10 10 10 10

28 17 17 17 10

8 23 28 10 10 10 10

23 28 17 17 17 10

9 33 23 28 10 10 10 10

33 23 211 17 17 17 10

10 33 23 23 28 10 10 10 10

33 23 23 211 17 17 17 10

11 43 33 23 211 211 10 10 10 10

43 33 23 211 211 17 17 17 10

12 43 33 23 23 211 211 10 10 10 10

43 33 23 23 211 211 17 17 17 10

13 63 33 33 23 23 211 211 10 10 10

63 33 33 23 23 211 211 17 17 17

14 73 43 33 23 23 23 211 211 10 10

73 43 33 23 23 23 211 211 17 17

15 938 43 33 33 23 23 23 211 211 10

93 43 33 33 23 23 23 211 211 17

16 1038 43 33 33 23 23 23 23 211 211

103 43 33 33 23 23 23 23 211 211

17 1238 638 430 312 311 212 212 212 212 212

128 68 48 38 312 28 211 211 211 211

18 1343 637 437 312 311 212 212 212 212 212

138 68 48 38 38 28 28 211 211 211

19 1543 838 437 312 311 311 212 212 212 212

158 88 48 38 38 312 28 211 211 211

20 1643 838 437 411 311 311 212 212 212 212

168 88 48 48 38 38 28 28 211 211

p=5, t=2
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n\k 3 4 5 6 7 8 9 10 11 12
8 28 10 10 10 10 10

28 17 17 17 17 10

9 23 28 10 10 10 10 10

23 28 17 17 17 17 10

10 33 23 28 10 10 10 10 10

33 23 28 17 17 17 17 10

11 33 23 23 211 10 10 10 10 10

33 23 23 211 17 17 17 17 10

12 43 33 23 23 211 10 10 10 10 10

43 33 23 23 211 17 17 17 17 10

13 43 33 23 23 211 211 10 10 10 10

43 33 23 23 211 211 17 17 17 17

14 53 33 33 23 23 211 211 10 10 10

53 33 33 23 23 211 211 17 17 17

15 53 43 33 23 23 23 211 211 10 10

53 43 33 23 23 23 211 211 17 17

16 73 43 33 33 23 23 23 211 211 10

73 43 33 33 23 23 23 211 211 17

17 838 412 312 312 212 212 212 212 212 211

88 48 38 38 28 28 211 211 211 211

18 1038 530 411 312 311 212 212 212 212 212

108 58 48 38 38 28 28 211 211 211

19 1138 530 411 312 311 212 212 212 212 212

118 58 48 38 38 28 28 211 211 211

20 1338 530 411 312 311 311 212 212 212 212

138 58 48 38 38 38 28 28 211 211

p=6, t=2

15



n\k 3 4 5 6 7 8 9 10 11 12
9 28 10 10 10 10 10 10

28 17 17 17 17 17 10

10 23 28 10 10 10 10 10 10

23 28 17 17 17 17 17 10

11 33 23 28 10 10 10 10 10 10

33 23 28 17 17 17 17 17 10

12 33 23 23 211 10 10 10 10 10 10

33 23 23 28 17 17 17 17 17 10

13 43 33 23 23 211 10 10 10 10 10

43 33 23 23 211 17 17 17 17 17

14 43 33 23 23 23 211 10 10 10 10

43 33 23 23 23 211 17 17 17 17

15 53 33 33 23 23 211 211 10 10 10

53 33 33 23 23 211 211 17 17 17

16 53 43 33 23 23 23 211 211 10 10

53 43 33 23 23 23 211 211 17 17

17 630 412 312 311 212 212 212 212 211 10

68 48 38 38 28 28 211 211 211 17

18 630 412 312 311 212 212 212 212 212 211

68 48 38 38 28 28 28 211 211 211

19 838 530 411 311 311 212 212 212 212 212

88 58 48 38 38 28 28 211 211 211

20 938 530 411 311 311 212 212 212 212 212

98 58 48 38 38 28 28 28 211 211

p=7, t=2

16



n\k 3 4 5 6 7 8 9 10 11 12
10 28 10 10 10 10 10 10 10

28 17 17 17 17 17 17 10

11 23 28 10 10 10 10 10 10 10

23 28 17 17 17 17 17 17 10

12 33 23 211 10 10 10 10 10 10 10

33 23 28 17 17 17 17 17 17 10

13 33 23 23 211 10 10 10 10 10 10

33 23 23 28 17 17 17 17 17 17

14 43 33 23 23 211 10 10 10 10 10

43 33 23 23 28 17 17 17 17 17

15 43 33 23 23 23 211 10 10 10 10

43 33 23 23 23 211 17 17 17 17

16 53 33 33 23 23 23 211 10 10 10

53 33 33 23 23 23 211 17 17 17

17 512 430 312 212 212 212 212 211 10 10

58 48 38 28 28 28 211 211 17 17

18 630 430 312 311 212 212 212 212 211 10

68 48 38 38 28 28 28 211 211 17

19 630 430 312 311 212 212 212 212 212 211

68 48 38 38 28 28 28 211 211 211

20 730 530 411 311 311 212 212 212 212 212

78 58 48 38 38 28 28 28 211 211

p=8, t=2

17



n\k 3 4 5 6 7 8 9 10 11 12
11 28 10 10 10 10 10 10 10 10

28 17 17 17 17 17 17 17 10

12 23 28 10 10 10 10 10 10 10 10

23 28 17 17 17 17 17 17 17 10

13 33 23 211 10 10 10 10 10 10 10

33 23 28 17 17 17 17 17 17 17

14 33 23 23 211 10 10 10 10 10 10

33 23 23 28 17 17 17 17 17 17

15 43 33 23 23 211 10 10 10 10 10

43 33 23 23 28 17 17 17 17 17

16 43 33 23 23 23 211 10 10 10 10

43 33 23 23 23 28 17 17 17 17

17 530 312 311 212 212 212 211 10 10 10

58 38 38 28 28 28 211 17 17 17

18 530 430 311 212 212 212 212 211 10 10

58 48 38 28 28 28 28 211 17 17

19 630 430 311 311 212 212 212 212 211 10

68 48 38 38 28 28 28 211 211 17

20 630 430 311 311 212 212 212 212 212 211

68 48 38 38 28 28 28 28 211 211

p=9, t=2

18



n\k 3 4 5 6 7 8 9 10 11 12
12 28 10 10 10 10 10 10 10 10 10

28 17 17 17 17 17 17 17 17 10

13 23 211 10 10 10 10 10 10 10 10

23 28 17 17 17 17 17 17 17 17

14 33 23 211 10 10 10 10 10 10 10

33 23 28 17 17 17 17 17 17 17

15 33 23 23 211 10 10 10 10 10 10

33 23 23 28 17 17 17 17 17 17

16 43 33 23 23 211 10 10 10 10 10

43 33 23 23 28 17 17 17 17 17

17 412 312 212 212 212 211 10 10 10 10

48 38 28 28 28 28 17 17 17 17

18 530 312 311 212 212 212 211 10 10 10

58 38 38 28 28 28 28 17 17 17

19 530 430 311 212 212 212 212 211 10 10

58 48 38 28 28 28 28 211 17 17

20 630 430 311 311 212 212 212 212 211 10

68 48 38 38 28 28 28 28 211 17

p=10, t=2

19



n\k 3 4 5 6 7 8 9 10 11 12
13 28 10 10 10 10 10 10 10 10 10

28 17 17 17 17 17 17 17 17 17

14 23 211 10 10 10 10 10 10 10 10

23 28 17 17 17 17 17 17 17 17

15 33 23 211 10 10 10 10 10 10 10

33 23 28 17 17 17 17 17 17 17

16 33 23 23 211 10 10 10 10 10 10

33 23 23 28 17 17 17 17 17 17

17 430 330 212 212 211 10 10 10 10 10

48 38 28 28 28 17 17 17 17 17

18 430 330 212 212 212 211 10 10 10 10

48 38 28 28 28 28 17 17 17 17

19 530 330 311 212 212 212 211 10 10 10

58 38 38 28 28 28 28 17 17 17

20 530 430 311 212 212 212 212 211 10 10

58 48 38 28 28 28 28 28 17 17

p=11, t=2

20



n\k 4 5 6 7 8 9 10 11 12
6 336 10 10

311 17 10

7 411 336 10 10

411 340 17 10

8 63 336 336 10 10

63 340 39 17 10

9 943 511 336 336 10 10

941 59 39 340 17 10

10 1234 747 411 336 336 10 10

1441 79 49 340 340 17 10

11 1637 947 533 336 336 336 10 10

1941 99 59 340 340 340 17 10

12 2137 1147 633 411 336 336 336 10 10

2641 129 69 440 340 340 311 17 10

13 2837 1112 847 633 411 336 336 336 10

3348 169 99 640 440 340 311 311 17

14 3537 1437 812 633 533 336 336 336 336

4348 209 119 641 540 340 311 311 311

15 4437 1837 1033 714 633 411 336 336 336

5248 2448 1448 941 641 440 311 311 311

16 5437 2237 1137 716 747 533 411 336 336

6648 329 169 1141 741 540 414 311 311

17 6637 2737 1437 933 712 633 412 336 336

8048 409 219 1441 912 612 411 318 311

18 7937 3237 1637 1033 712 633 547 433 336

10326 499 2548 1911 941 641 547 411 311

19 9437 3837 1937 1133 933 733 633 533 433

12448 579 329 2011 1412 914 614 512 411

20 11137 4537 2337 1337 933 733 633 533 433

14848 7048 3848 2211 1441 1111 811 547 411

p=4, t=3

21



n\k 4 5 6 7 8 9 10 11 12
7 28 10 10 10

240 17 17 10

8 28 28 10 10 10

240 240 17 17 10

9 53 28 211 10 10 10

53 240 29 17 17 10

10 746 23 211 211 10 10 10

740 23 29 240 17 17 10

11 1047 536 28 211 211 10 10 10

108 540 29 240 211 17 17 10

12 1012 647 28 211 211 211 10 10 10

128 640 29 240 211 211 17 17 10

13 1337 847 536 212 211 211 211 10 10

1310 847 59 240 211 211 211 17 17

14 1737 812 536 212 212 211 211 211 10

208 108 59 240 211 211 211 211 17

15 2137 937 747 536 212 212 211 211 211

268 138 89 540 211 211 211 211 211

16 2637 1137 712 536 212 212 212 211 211

288 168 89 58 28 211 211 211 211

17 3237 1337 737 536 536 212 212 212 212

398 208 119 78 58 211 211 211 211

18 3937 1637 837 536 536 212 212 212 212

448 248 129 88 58 28 211 211 211

19 4637 1937 1037 637 536 536 212 212 212

558 288 159 108 68 58 211 211 211

20 5437 2237 1137 737 536 536 212 212 212

608 328 189 128 78 58 28 211 211

p=5, t=3
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n\k 4 5 6 7 8 9 10 11 12
8 28 10 10 10 10

240 17 17 17 10

9 28 211 10 10 10 10

240 240 17 17 17 10

10 43 211 211 10 10 10 10

43 240 29 17 17 17 10

11 511 23 211 211 10 10 10 10

540 23 29 211 17 17 17 10

12 747 436 23 211 211 10 10 10 10

78 440 23 211 211 17 17 17 10

13 1047 436 212 212 211 211 10 10 10

108 440 29 211 211 211 17 17 17

14 1037 647 436 212 212 211 211 10 10

128 640 49 28 211 211 211 17 17

15 1337 847 436 212 212 212 211 211 10

158 88 49 28 211 211 211 211 17

16 1637 812 547 436 212 212 212 211 211

2010 108 59 48 28 211 211 211 211

17 1937 837 647 436 212 212 212 212 212

238 128 69 48 28 211 211 211 211

18 2337 1037 624 436 436 212 212 212 212

288 148 79 48 48 28 211 211 211

19 2837 1137 613 436 436 212 212 212 212

338 178 99 58 48 28 211 211 211

20 3337 1337 737 436 436 436 212 212 212

408 208 109 78 48 48 28 211 211

p=6, t=3
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n\k 4 5 6 7 8 9 10 11 12
9 28 10 10 10 10 10

240 17 17 17 17 10

10 28 211 10 10 10 10 10

240 240 17 17 17 17 10

11 33 211 211 10 10 10 10 10

33 240 211 17 17 17 17 10

12 33 23 211 211 10 10 10 10 10

33 23 28 211 17 17 17 17 10

13 636 38 212 211 211 10 10 10 10

640 340 28 211 211 17 17 17 17

14 636 38 212 212 211 211 10 10 10

840 340 28 28 211 211 17 17 17

15 947 38 318 212 212 211 211 10 10

108 340 38 28 211 211 211 17 17

16 1037 636 318 212 212 212 211 211 10

128 68 38 28 28 211 211 211 17

17 1237 636 318 318 212 212 212 212 211

148 78 38 38 28 211 211 211 211

18 1437 738 318 318 212 212 212 212 212

178 98 38 38 28 28 211 211 211

19 1737 838 636 318 311 212 212 212 212

198 118 68 38 314 28 211 211 211

20 2037 837 636 318 311 212 212 212 212

258 138 68 38 314 28 28 211 211

p=7, t=3
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n\k 4 5 6 7 8 9 10 11 12
10 28 10 10 10 10 10 10

240 17 17 17 17 17 10

11 28 211 10 10 10 10 10 10

240 28 17 17 17 17 17 10

12 33 211 211 10 10 10 10 10 10

33 28 28 17 17 17 17 17 10

13 33 23 211 211 10 10 10 10 10

33 23 28 211 17 17 17 17 17

14 536 318 212 211 211 10 10 10 10

540 38 28 28 211 17 17 17 17

15 647 318 212 212 211 211 10 10 10

640 38 28 28 211 211 17 17 17

16 738 317 318 212 212 211 211 10 10

88 38 38 28 28 211 211 17 17

17 837 536 318 212 212 212 212 211 10

118 58 38 28 28 211 211 211 17

18 937 536 318 311 212 212 212 212 211

138 58 38 38 28 28 211 211 211

19 1137 536 318 311 212 212 212 212 212

168 78 38 38 28 28 211 211 211

20 1337 738 536 311 311 212 212 212 212

178 98 58 38 314 28 28 211 211

p=8, t=3

25



n\k 4 5 6 7 8 9 10 11 12
11 28 10 10 10 10 10 10 10

240 17 17 17 17 17 17 10

12 28 211 10 10 10 10 10 10 10

240 28 17 17 17 17 17 17 10

13 33 211 211 10 10 10 10 10 10

33 28 28 17 17 17 17 17 17

14 33 23 211 211 10 10 10 10 10

33 23 28 28 17 17 17 17 17

15 43 318 212 211 211 10 10 10 10

43 38 28 28 211 17 17 17 17

16 43 318 212 212 211 211 10 10 10

43 38 28 28 28 211 17 17 17

17 638 318 318 212 212 212 211 10 10

78 38 38 28 28 211 211 17 17

18 738 436 318 212 212 212 212 211 10

98 48 38 28 28 28 211 211 17

19 837 436 318 311 212 212 212 212 211

118 48 38 38 28 28 211 211 211

20 937 436 318 311 212 212 212 212 212

138 48 38 38 28 28 28 211 211

p=9, t=3
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n\k 4 5 6 7 8 9 10 11 12
12 28 10 10 10 10 10 10 10 10

240 17 17 17 17 17 17 17 10

13 211 211 10 10 10 10 10 10 10

240 28 17 17 17 17 17 17 17

14 33 211 211 10 10 10 10 10 10

33 28 28 17 17 17 17 17 17

15 33 23 211 211 10 10 10 10 10

33 23 28 28 17 17 17 17 17

16 43 318 212 211 211 10 10 10 10

43 38 28 28 28 17 17 17 17

17 412 318 212 212 212 211 10 10 10

48 38 28 28 28 211 17 17 17

18 530 318 330 212 212 212 211 10 10

68 38 38 28 28 28 211 17 17

19 637 430 330 212 212 212 212 211 10

78 48 38 28 28 28 211 211 17

20 737 430 330 311 212 212 212 212 211

98 48 38 38 28 28 28 211 211

p=10, t=3
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n\k 4 5 6 7 8 9 10 11 12
13 211 10 10 10 10 10 10 10 10

28 17 17 17 17 17 17 17 17

14 211 211 10 10 10 10 10 10 10

28 28 17 17 17 17 17 17 17

15 33 211 211 10 10 10 10 10 10

33 28 28 17 17 17 17 17 17

16 33 23 211 211 10 10 10 10 10

33 23 28 28 17 17 17 17 17

17 418 318 212 212 211 10 10 10 10

48 38 28 28 28 17 17 17 17

18 418 318 212 212 212 211 10 10 10

48 38 28 28 28 28 17 17 17

19 530 318 330 212 212 212 211 10 10

58 38 38 28 28 28 211 17 17

20 530 430 330 212 212 212 212 211 10

58 48 38 28 28 28 28 211 17

p=11, t=3
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n\k 5 6 7 8 9 10 11 12
7 38 10 10

39 17 10

8 511 38 10 10

59 39 17 10

9 911 38 38 10 10

99 39 311 17 10

10 1037 711 38 38 10 10

149 79 311 340 17 10

11 1737 712 547 38 38 10 10

229 109 511 340 340 17 10

12 2537 1011 614 38 311 311 10 10

359 149 911 340 340 340 17 10

13 3637 1237 616 647 311 311 311 10

509 219 1339 611 340 340 340 17

14 5037 1737 818 612 547 311 311 311

729 319 1839 940 540 340 340 311

15 6837 2337 1037 612 647 311 311 311

999 429 2611 1339 840 340 340 311

16 9137 3137 1337 718 612 411 311 311

1349 549 3511 1540 1140 539 340 311

17 11937 4037 1737 937 718 533 411 312

1939 719 4339 2339 1439 811 540 311

18 15337 5137 2237 1137 718 633 412 312

2569 819 5811 3139 1840 1139 739 311

19 19437 6537 2837 1437 833 633 518 433

3199 1209 7539 3839 2339 1512 1040 539

20 24237 8137 3537 1837 1037 733 633 533

4009 1499 9539 4239 3039 1540 1239 739

p=5, t=4
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n\k 5 6 7 8 9 10 11 12
8 38 10 10 10

311 17 17 10

9 411 38 10 10 10

411 39 17 17 10

10 747 38 38 10 10 10

711 39 311 17 17 10

11 712 511 38 38 10 10 10

1011 59 311 311 17 17 10

12 1133 633 411 38 311 10 10 10

1840 69 411 311 340 17 17 10

13 1537 833 533 311 311 311 10 10

2639 109 511 311 340 340 17 17

14 2137 818 633 411 312 311 311 10

3739 149 839 411 340 340 340 17

15 2937 1033 733 633 411 312 311 311

5339 199 1139 611 440 340 340 340

16 3837 1337 733 633 533 311 312 311

7239 269 1739 635 540 340 340 340

17 5037 1737 933 733 633 411 312 312

9839 369 2239 1111 640 440 340 340

18 6437 2237 1033 733 633 533 411 312

12939 429 2939 1439 840 540 440 340

19 8137 2737 1237 933 733 633 412 312

16939 549 3511 2039 1039 640 440 340

20 10137 3437 1537 933 733 633 533 433

22040 669 4939 2239 1539 640 540 440

p=6, t=4

30



n\k 5 6 7 8 9 10 11 12
9 211 10 10 10 10

211 17 17 17 10

10 28 28 10 10 10 10

28 211 17 17 17 10

11 511 28 211 10 10 10 10

511 211 211 17 17 17 10

12 624 28 211 211 10 10 10 10

940 28 211 211 17 17 17 10

13 837 511 212 211 211 10 10 10

148 540 211 211 211 17 17 17

14 1137 511 23 212 211 211 10 10

188 840 23 211 211 211 17 17

15 1537 618 418 211 212 211 211 10

298 1039 540 211 211 211 211 17

16 2037 818 413 212 211 212 211 211

398 148 740 28 211 211 211 211

17 2637 937 518 418 212 212 212 212

508 198 118 540 211 211 211 211

18 3437 1237 618 413 212 212 212 212

608 248 128 640 28 211 211 211

19 4337 1537 737 413 418 212 212 212

818 328 168 939 68 211 211 211

20 5437 1837 837 413 413 212 212 212

968 408 208 1040 68 28 211 211

p=7, t=4
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n\k 5 6 7 8 9 10 11 12
10 211 10 10 10 10 10

28 17 17 17 17 10

11 28 211 10 10 10 10 10

28 211 17 17 17 17 10

12 436 211 211 10 10 10 10 10

48 28 211 17 17 17 17 10

13 611 212 211 211 10 10 10 10

68 28 211 211 17 17 17 17

14 612 436 212 211 211 10 10 10

108 48 28 211 211 17 17 17

15 837 436 23 212 211 211 10 10

148 48 23 211 211 211 17 17

16 1037 436 436 23 212 211 211 10

188 726 414 23 211 211 211 17

17 1437 618 436 212 212 212 212 211

238 108 48 28 211 211 211 211

18 1737 618 436 436 212 212 212 212

318 148 640 48 28 211 211 211

19 2237 837 436 436 212 212 212 212

428 178 940 48 28 211 211 211

20 2737 937 618 436 436 212 212 212

528 218 118 48 48 28 211 211

p=8, t=4
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n\k 5 6 7 8 9 10 11 12
11 211 10 10 10 10 10 10

28 17 17 17 17 17 10

12 211 211 10 10 10 10 10 10

28 28 17 17 17 17 17 10

13 436 211 211 10 10 10 10 10

48 28 211 17 17 17 17 17

14 511 212 211 211 10 10 10 10

511 28 28 211 17 17 17 17

15 512 436 212 211 211 10 10 10

88 48 28 211 211 17 17 17

16 630 436 23 212 211 211 10 10

108 48 23 28 211 211 17 17

17 837 436 436 212 212 212 211 10

148 68 414 28 211 211 211 17

18 1037 518 436 212 212 212 212 211

188 68 48 28 28 211 211 211

19 1337 518 436 436 212 212 212 212

238 108 58 48 28 211 211 211

20 1637 637 436 436 212 212 212 212

288 138 68 48 28 28 211 211

p=9, t=4
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n\k 5 6 7 8 9 10 11 12
12 211 10 10 10 10 10 10 10

28 17 17 17 17 17 17 10

13 211 211 10 10 10 10 10 10

28 28 17 17 17 17 17 17

14 311 211 211 10 10 10 10 10

311 28 28 17 17 17 17 17

15 33 212 211 211 10 10 10 10

33 28 28 211 17 17 17 17

16 524 33 212 211 211 10 10 10

68 33 28 28 211 17 17 17

17 638 312 212 212 212 211 10 10

98 312 28 28 211 211 17 17

18 737 312 318 212 212 212 211 10

128 38 314 28 28 211 211 17

19 937 524 318 212 212 212 212 211

158 68 314 28 28 211 211 211

20 1137 513 318 330 212 212 212 212

198 88 38 314 28 28 211 211

p=10, t=4
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n\k 5 6 7 8 9 10 11 12
13 211 10 10 10 10 10 10 10

28 17 17 17 17 17 17 17

14 211 211 10 10 10 10 10 10

28 28 17 17 17 17 17 17

15 311 211 211 10 10 10 10 10

38 28 28 17 17 17 17 17

16 33 212 211 211 10 10 10 10

33 28 28 28 17 17 17 17

17 536 318 212 212 211 10 10 10

58 311 28 28 211 17 17 17

18 536 318 212 212 212 211 10 10

78 38 28 28 28 211 17 17

19 737 318 330 212 212 212 211 10

108 38 314 28 28 211 211 17

20 837 536 330 212 212 212 212 211

148 58 314 28 28 28 211 211

p=11, t=4
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