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Abstract

The spectrum for V (m, t) is solved for m = 3, 4, 5 and 6 using ad hoc methods for
m = 3 and 4 and using exponential sums for m = 5 and 6. A V (m, t) leads to m
idempotent pairwise orthogonal Latin squares of order (m + 1)t + 1 with one common
hole of order t.

Since I am using latex the symbols should all be clear from the vmtffa.tex file.
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1 Introduction

For the basic definitions about Latin squares the reader is referred to Denes and Keedwell

[3]. The terminology used for finite fields comes from Wilson [12]. Let q = mt + 1 be a

prime power and let C0 be a multiplicative subgroup of GF(q) \ {0} of order t and index m.

Let the cosets of this group be C0, C1, · · · , Cm−1. These are called the cyclotomic classes of

GF(q) of index m. To understand this better let us define a primitive element, α of GF(q)

to be an element of GF(q) which has the property that any non-zero element of GF(q) can

be expressed as a power of α. Then the non-zero elements of GF(q) can be put into one of

m cyclotomic classes depending on the residue class modulo m that their index is in. That

is, all elements that can be expressed as αms+i where 0 ≤ i ≤ m − 1 are in Ci, the i’th

cyclotomic class of GF(q) of index m.

For q = mt+1 a prime power, Wilson defined an A(m, t) to be the matrix-minus-diagonal

of order k = m + 2 with elements aij, i 6= j, from GF(q) satisfying the property that for

1 ≤ j1 < j2 ≤ k, the set {aij1 − aij2|1 ≤ i ≤ k, i 6= j1, i 6= j2} is a system of distinct

representatives of the cyclotomic classes C0, C1, · · · , Cm−1. This system will be denoted by

SDRC. Wilson [11] proved the following lemma.

Lemma 1.1 Let q = mt + 1 be a prime power. If there exists a matrix-minus-diagonal

A(m, t), then there exists a set of m idempotent pairwise orthogonal Latin squares of order

(m + 1)t + 1 with one common hole of size t.

For q = mt + 1 a prime power, Mullin et al. [8] defined a V (m, t) to be a vector

(b1, b2, · · · , bm+1) with elements from GF(q) satisfying the property that for k = 1, 2, · · · ,
m + 1, the set

{bi − bj|i ∈ {1, 2, · · · ,m + 1} \ {k}, i− j ≡ k (mod m + 2) and 1 ≤ j ≤ m + 1}

is a system of distinct representatives of the cyclotomic classes. For each k, we speak of

the k’th difference family, denoted by Dk. These are the differences that are k apart in the

vector. The V (m, t) vector is often written with a ∼ in the 0’th position. Mullin et al. [8]

proved the following lemma about V (m, t)’s.

Lemma 1.2 Let q = mt + 1 be a prime power. If there is a vector V (m, t), then there

exists a set of m idempotent pairwise orthogonal Latin squares of order (m + 1)t + 1 with

one common hole of size t.
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Proof. This lemma is based on the observation that the vector V (m, t) implies the existence

of a circulant matrix-minus-diagonal A(m, t) whose first row is x, b1, b2, · · · , bm+1 where x

represents the fact the diagonal cell is empty.

V (m, t)’s can also be used to construct Perfect Mendelsohn Designs. A (v, k, λ)- Perfect

Mendelsohn Design is a v-set, V , together with a collection of cyclically ordered k-tuples of

distinct elements from V such that for every i = 1, 2, . . . , k − 1 each ordered pair (x, y) is

i-apart in exactly λ k-tuples. The following is Theorem 2.3 of Miao and Zhu [7]

Lemma 1.3 Let q = mt + 1 be a prime power. If there is a vector V (m, t) in GF(q), then

there exists a (q + t, m + 2, 1)-Perfect Mendelsohn Design with a hole of size t.

By using Wilson’s Theorem 3 in [12], one can prove that a V (m, t) always exists for

mt + 1 a large enough prime power and for -1 not an m’th power modulo mt + 1. If both

m and t are even, then -1 is an m’th power modulo mt + 1 and it is easy to prove that no

V (m, t) exists, see Miao and Yang [6]. There are systematic tables of V (m, t)’s in Brouwer

and Van Rees in [1]. These were extended by Colbourn in [2] to produce systematic tables

for m = 6, 7, 8, 9, 10 and mt+1, a prime, less than 5000 and also tables for m = 3, 4, 5, 6 and

mt + 1, a prime power, less than 5000. The only known counterexamples to the statement

that V (m, t)’s exist for prime powers mt + 1 where m − 1 ≤ t and where m and t are not

both even are (m, t) = (9, 8) and (m, t) = (3, 5).

There are two values of m where the spectrum is completely known. We will state these

two results in the next two theorems. Miao and Yang [6] proved the following easy result.

Theorem 1.4 All V (2, 2t + 1) exist for 4t + 3 a prime power greater than 3.

Van Rees [10] using a rather technical and hideous proof managed to prove the next case.

Theorem 1.5 All V (3, t)’s exist for 3t + 1 a prime.

This result was extended to prime powers by Ge [4] using the following important lemma.

Lemma 1.6 Let q = mt + 1 be a prime power. Suppose there exists a V (m, t) in GF(q). If

(n,m) = 1, then there exists a V (m, t′) in GF(qn).

Theorem 1.7 All V (3, t)’s exist for 3t + 1 a prime power except for V (3, 5) which does not

exist.
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In this paper we will give a short proof for the case m = 3. We will give two proofs for

the m = 4 case. One works for primes and is constructive and the other works for primes

and prime powers and is an existence proof. Finally, we will prove the cases m = 5 and

m = 6 using exponential sums and a computer program to find V (m, t)’s for small values of

mt + 1.

2 The easy cases: m = 3 and 4

We will do m = 4 first and then go back and do m = 3. Note that in V (4, s), s must be

odd, because if it is even then -1 is in C0 and if a is in C(m+1)/2 then -a is in C(m+1)/2 and

no SDRC is possible. So we will discuss V (4, 2t + 1)’s.

This means working in GF(8t+5) which has the pleasant property that 2 is a quadratric

non-residue i.e. 2 is in C1 or C3 of the cyclotomic classes of GF(q) of index 4. This gives us

a starting point for our search to find a small list of V (4, 2t + 1)’s one of which can be used

for any particular value of 8t + 5. No such starting point works for m = 3 or seemingly for

any other value of m.

Since classes C1 and C3 are equivalent, let 2 be in C1. For any particular value of q , 3

and 5 must be in a particular Ci and Cj respectively. Find them in the table and the vector

on that line will be a V (4, 2t + 1) for that q. A dash in the table indicates that i may take

on any value from 0, 1, 2 or 3. One vector appears twice in the list.

V (4, 2t + 1) 3 in Ci 5 in Cj

i j
(∼, 0, 1, -2, 6, 16) 0 0
(∼, 0, 1, -1, 2, -3) 1 0
(∼, 0, 1, 16, -8, 10) 2 0
(∼, 0, 1, -2, 7, -20) 3 0
(∼, 0, 1, 3, 7, 15) - 1
(∼, 0, 1, 5, 7, 15) 0 2
(∼, 0, 1, -2, 7, -20) 1 2
(∼, 0, 1, 6, -2, -4) 2 2
(∼, 0, 1, 3, -3, -5) 3 2
(∼, 0, 1, -1, 3, -5) - 3

So these 9 V (4, 2t + 1)’s cover each case and we have proved the following theorem.

Theorem 2.1 All V (4, 2t + 1)’s exist for 8t + 5 a prime and t ≥ 1.
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We could use Ge’s Theorem and some computer work to extend this result to prime

powers but the existence approach will solve the whole problem. In the rest of the paper, we

shall take X to be the vector (∼, 1, x, x2, · · · , xm). As before denote by Dk the differences

of elements k-apart in the vector. It is clear that the vector is a V (m, t) if every Dk for

1 ≤ k ≤ m is a system of distinct representatives of the cyclotomic classes C0, C1, · · · , Cm−1,

an SDRC. Since Dk = −Dm+2−k, the vector is a V (m, t) if every Dk is a SDRC for 1 ≤
k ≤ b(m + 2)/2c. When m is even and x is not equal to 0 or 1, then −1 ∈ Cm/2 and so

D(m+2)/2 = ±(x(m+2)/2 − 1){1, x, · · · , x(m−2)/2} is always a SDRC. Therefore, we have the

following lemma.

Lemma 2.2 For x 6= 0 or 1, the vector (∼, 1, x, x2, · · · , xm) in GF(mt + 1) is a V (m, t) if

every Dk is a SDRC for 1 ≤ k ≤ b(m + 1)/2c.

So let us examine D1 and D2.

D1 = {x−1, x2−x, x3−x2, x4−x3}. Since x−1 is a factor in each position of the vector,

we will write it as D1 = (x − 1){1, x, x2, x3}. Then D1 will be a SDRC if {1, x, x2, x3} is a

SDRC and x− 1 6= 0. This will be true if x is in C1 ∪ C3. Let us pick that x is in C1.

D2 = (x2 − 1){1, x, x2,−(x2 + 1)}. Now 1 ∈ C0, x ∈ C1, x2 ∈ C2 so D2 will be a SDRC

if −(x2 + 1) ∈ C3 or equivalently if x2 + 1 ∈ C1.

So in order for the vector X to be a V (4, 2t + 1), it suffices to have x ∈ C1 (so x2 ∈ C2)

and x2 +1 ∈ C1. Now any element of C2 is a square of some element of C1, so what we really

need is that there is an element a ∈ C2 such that a + 1 ∈ C1. The number of such elements

are called cycotomic numbers and denoted c21. These numbers have been calculated in Storer

[9] and c21 is positive for q ≥ 13. By inspection, we know that V (4, 1) does not exist, so we

have the following theorem.

Theorem 2.3 A V (4, 2t + 1) exists for q = 8t + 5 a prime power and t ≥ 1.

Let us use this approach to get an easy proof for m = 3.

Theorem 2.4 All V (3, t)’s exist for 3t + 1 a prime power.

Proof. Let X = (∼, 1, x, x2, x3). D1 = (x − 1){1, x, x2}. Then D1 is to be an SDRC if

x ∈ C1. D2 = (x− 1){x + 1, x2 + x, x2 + x + 1}. Now (x + 1) and x(x + 1) = x2 + x are in
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different classes so we need x2 + x + 1 to be in the third class. Now which ever class x + 1

is in, it happens that if x2 + x is in Ci then x2 + x + 1 is in C(i+1)mod3.

So we check Storer [9] to see when all three cyclotomic numbers: c01, c12, c20 are positive.

This happens when q > 7. Finally, (∼, 0, 1, 3, 6) is a V (3, 2).

3 The case: m = 5

The vector will be (∼, 1, x, x2, x3, x4, x5).

D1 = (x − 1){1, x, x2, x3, x4} which will be a SDRC if x 6∈ C0 and x 6= 0 noting that

m = 5 is a prime.

D2 = (x− 1){(x+1), x(x+1), x2(x+1), x3(x+1),−(x4 +x3 +x2 +x+1)}. If x is in Ci,

(x+1) is in Cj and −(x4+x3+x2+x+1) is in Ck, then D2 is a SDRC if {j, i+j, 2i+j, 3i+j, k}
are the 5 residue classes modulo 5 with i 6≡ 0 (mod 5). This will be true if k equals 4i + j

modulo 5. Hence D2 is a SDRC if i + 4j + k ≡ 0 (mod 5) with i 6≡ 0 (mod 5). Since

−1 ∈ C0, this is equivalent to the condition that x(x+1)4(x4 +x3 +x2 +x+1) is in C0 with

x ∈ C1 ∪ C2 ∪ C3 ∪ C4.

D3 = (x−1){(x2+x+1), x(x2+x+1), x2(x2+x+1),−(x3+x2+x+1),−x(x3+x2+x+1)}
If x is in Ci, (x2 + x + 1) is in Cj and −(x3 + x2 + x + 1) is in Ck, then D3 is a SDRC if

{j, i+j, 2i+j, k, i+k} are the 5 residue classes modulo 5 with i 6≡ 0 (mod 5). This will be true

if k equals 3i+j modulo 5 with i 6≡ 0 (mod 5). Hence D3 is a SDRC if 2i+4j+k ≡ 0 (mod 5)

with i 6≡ 0 (mod 5). This is equivalent to the condition that x2(x2 + x + 1)4(x3 + x2 + x + 1)

is in C0 with x ∈ C1 ∪ C2 ∪ C3 ∪ C4.

By Lemma 2.2, the end result is that we want x to be in C1∪C2∪C3∪C4, x(x+1)4(x4 +

x3 + x2 + x + 1) to be in C0 and x2(x2 + x + 1)4(x3 + x2 + x + 1) to be in C0. Does there

exist such an x ?

Let χ be a non-principal multiplicative character of order m. That is, χ(x) = θt if x ∈ Ct

where θ = e
2πi
m is the m’th root of unity. Let

A = χ(x);

B = χ(f1(x)), where f1(x) = x(x + 1)4(x4 + x3 + x2 + x + 1);

C = χ(f2(x)), where f2(x) = x2(x2 + x + 1)4(x3 + x2 + x + 1).

These functions have the following values.
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5− (1 + A + A2 + A3 + A4) =





5, if x ∈ C1 ∪ C2 ∪ C3 ∪ C4;
0, if x ∈ C0;
4, if x = 0.

1 + B + B2 + B3 + B4 =





5, if f1(x) ∈ C0;
0, if f1(x) ∈ C1 ∪ C2 ∪ C3 ∪ C4;
1, if f1(x) = 0.

1 + C + C2 + C3 + C4 =





5, if f2(x) ∈ C0;
0, if f2(x) ∈ C1 ∪ C2 ∪ C3 ∪ C4;
1, if f2(x) = 0.

From these form the sum

S =
∑

x∈GF (q)

(4− A− A2 − A3 − A4)(1 + B + B2 + B3 + B4)(1 + C + C2 + C3 + C4).

This sum is equal to 125n + d where n is the number of elements in GF(q), q = 5t + 1, that

would make the vector into a V (5, t) and d is the contribution when either x, f1(x) or f2(x)

is 0.

Now if x = 0, then f1(x) = 0 and f2(x) = 0 and the contribution is 4. If f1(x) = 0 but

x 6= 0, which could happen at most 5 times then the contribution to S is at most 5(25).

Similarly, if f2(x) = 0 but x 6= 0, which could happen at most 5 times then the contribution

to S is at most 5(25) too. Hence the total contribution to S from these cases is at most 254.

Thus if we are able to show that |S| > 254, then there is an x that will make our vector

a V (5, t). We can not evaluate or estimate S directly. So let us multiply the brackets and

distribute the sum over each of the 125 terms getting

S = 4
∑
x

1 + 4
∑

1≤j≤4

∑
x

Bj + 4
∑

1≤k≤4

∑
x

Ck + 4
∑

1≤j,k≤4

∑
x

BjCk

− ∑

1≤i≤4

∑

0≤j,k≤4

∑
x

AiBjCk.

With these we obtain an expression for the norm of S as follows:

|S| ≥ 4q − ∑

i+j+k>0

4δ(i)|∑
x

AiBjCk|,

where there are 124 terms after 4q, δ(i) = 0 unless i = 0 and δ(0) = 1.

We can put a bound on each term using the following theorem found in Lidl and Nieder-

reiter [5]:

Theorem 3.1 Let χ be a multiplicative character of GF(q) of order m > 1 and let f ∈
GF (q)[x] be a monic polynomial of positive degree that is not an m’th power of a polynomial.
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Let d be the number of distinct roots of f in its splitting field over GF(q). Then for every

a ∈GF(q) we have

| ∑

c∈GF (q)

χ(af(c))| ≤ (d− 1)
√

q.

Thus each of the 124 terms can be bounded by this theorem. In the sum

|∑
x

AiBjCk| = |∑
x

χ(f(x))|,

where

f(x) = xi+j+2k(x + 1)4j+k(x2 + 1)k(x2 + x + 1)4k(x4 + x3 + x2 + x + 1)j,

suppose there is a polynomial p(x) such that f(x) = [p(x)]5. Since the 5 factors x, x+1, x2 +

1, x2 + x + 1, x4 + x3 + x2 + x + 1 are coprime, we have j ≡ k ≡ i ≡ 0 (mod 5). Suppose

i + j + k > 0, these i, j, k correspond to the 124 terms.

Suppose j = 0. If k = 0, then i > 0. In this case, we have

|∑
x

A| = |∑
x

A2| = |∑
x

A3| = |∑
x

A4| = 0.

If k > 0,

f(x) = xi+2k(x + 1)k(x2 + 1)k(x2 + x + 1)4k,

which has at most 6 distinct roots in its splitting field. From Theorem 3.1, we get for such

a set of i, j, k

|∑
x

AiBjCk| ≤ 5
√

q.

Therefore,

∑

0≤i≤4,j=0,k>0

4δ(i)|∑
x

AiBjCk| ≤ (4 + 4)× 4× 5
√

q = 160
√

q.

Suppose j > 0. If k = 0, we can similarly get

∑

0≤i≤4,j>0,k=0

4δ(i)|∑
x

AiBjCk| ≤ 160
√

q.

If k > 0, f(x) contains at most 10 distinct roots in its splitting field. This gives

∑

0≤i≤4,j>0,k>0

4δ(i)|∑
x

AiBjCk| ≤ 8× 4× 4× 9
√

q = 1152
√

q.
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We further get

|S| ≥ 4q − ∑

i+j+k>0

4δ(i)|∑
x

AiBjCk| ≥ 4q − 1472
√

q.

If 4q − 1472
√

q > 254, then there is an x in GF(q) so that our vector is a V (5, t). It holds

whenever q > 135550.

Theorem 3.2 All V (5, t)’s exist for 5t + 1 a prime power, t ≥ 4.

Proof. The above discussion proves that they exist for prime powers 5t + 1 ≥ 135550. The

Colbourn [2] tables show they exist for 5t+1 a prime power where 9 ≤ 5t+1 ≤ 5000. Finally

we ran a program to find an element b in GF(q) such that (∼, 0, 1, 1 + b, 1 + b + b2, 1 + b +

b2 + b3, 1 + b + b2 + b3 + b4) is a V (5, t) for 5t + 1 a prime where 5000 ≤ 5t + 1 ≤ 135550. For

prime powers q in this interval, there are 17 cases to be considered. For q = 216, 114, 194, the

vectors exist by Lemma 1.1 and Colbourn [2]. For the remaining 14 cases, we list q, b and

the irreducible polynomials in Table 1.

q b irreducible polynomial
134 7α + 5 α4 + 6α3 + 2α2 + 2
174 2α + 1 α4 + 6α3 + 3
792 α + 2 α2 − 3
892 α + 2 α2 − 3
1092 α + 15 α2 − 6
1392 α + 10 α2 − 2
1492 α + 59 α2 − 2
1792 α + 5 α2 − 2
1992 α + 2 α2 − 3
2292 α + 70 α2 − 6
2392 α + 22 α2 − 7
2692 α + 18 α2 − 2
3492 α + 28 α2 − 2
3592 α + 10 α2 − 7

Table 1

4 The case: m = 6

Since m is even, then t must be odd as explained in Section 1. In these cases -1 is an element

of C3. Again let us consider the vector (∼, 1, x, · · · , x6).
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D1 = (x− 1){1, x, x2, x3, x4, x5}, which will be a SDRC if x ∈ C1 ∪ C5.

D2 = (x− 1)(x+1){1, x, x2, x3, x4,−(x4 +x2 +1)}. D2 is a SDRC if f1(x) = x4(x2 +x+

1)(x2 − x + 1) ∈ C0 with x ∈ C1 ∪ C5.

D3 = (x−1){(x2 +x+1), x(x2 +x+1), x2(x2 +x+1), x3(x2 +x+1),−(x4 +x3 +x2 +x+

1),−x(x4+x3+x2+x+1)}. D3 is a SDRC if f2(x) = x5(x2+x+1)5(x4+x3+x2+x+1) ∈ C0

with x ∈ C1 ∪ C5.

Let us form S as before. Let A = χ(x), B = χ(f1(x)), C = χ(f2(x)). These functions

have the following values.

1 + A− A3 − A4 =





2(1 + θ), if x ∈ C1;
2(1 + θ5), if x ∈ C5;
0, if x ∈ C0 ∪ C2 ∪ C3 ∪ C4;
1, if x = 0.

1 + B + B2 + B3 + B4 + B5 =





6, if f1(x) ∈ C0;
0, if f1(x) ∈ C1 ∪ C2 ∪ C3 ∪ C4 ∪ C5;
1, if f1(x) = 0.

1 + C + C2 + C3 + C4 + C5 =





6, if f2(x) ∈ C0;
0, if f2(x) ∈ C1 ∪ C2 ∪ C3 ∪ C4 ∪ C5;
1, if f2(x) = 0.

From these form the sum

S =
∑

x∈GF (q)

(1 + A− A3 − A4)(1 + B + B2 + B3 + B4 + B5)(1 + C + C2 + C3 + C4 + C5).

Now, S = 2(1 + θ)n1 + 2(1 + θ5)n2 + d where n1 is the number of x’s from C1 and n2

is the number of x’s from C5 that make our vector into a V (6, t) and d is the contribution

when x, f1(x) or f2(x) is 0. If we can show that |S| > |d|, then n1 + n2 > 0 and there must

be a V (6, t) as we wanted. We now estimate |d|.
When x is 0 the contribution is 1. Note that |2(1 + θ)| = |2(1 + θ5)| = 2

√
3. When

x2 + x + 1 = 0, we have f1(x) = f2(x) = 0 and x 6= 0, the contribution to |d| is at most

2 × 2
√

3 = 4
√

3. When x2 − x + 1 = 0, we have f1(x) = 0, f2(x) 6= 0 and x 6= 0, the

contribution to |d| is at most 2× 6× 2
√

3 = 24
√

3. When x4 + x3 + x2 + x + 1 = 0, we have

f1(x) 6= 0, f2(x) = 0 and x 6= 0, the contribution to |d| is at most 4 × 6 × 2
√

3 = 48
√

3.

Therefore, |d| ≤ 1 + 76
√

3. If we can show that |S| > 1 + 76
√

3, then |S| > |d| and there

must be a V (6, t) as we wanted. For |S|, we have 143 terms after q in the following

|S| ≥ q − ∑
i=0,1,3,4,
i+j+k>0

|∑
x

AiBjCk|,
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If we examine
∑

x AiBjCk then we see that this is equal to
∑

x χ(g(x)), where

g(x) = xi+4j+5k(x2 + x + 1)j+5k(x2 − x + 1)j(x4 + x3 + x2 + x + 1)k.

If g(x) is a sixth power of a polynomial, then i+4j+5k ≡ 0 (mod 6), j+5k ≡ 0 (mod 6), j ≡
0 (mod 6), and k ≡ 0 (mod 6). This only happens when i = j = k = 0. In the other cases,

Theorem 3.1 can be used to bound the sums.

Suppose j = 0. If k = 0, then i > 0. In this case, we have |∑x A| = |∑x A3| = |∑x A4| =
0. If k > 0, then g(x) = xi+5k(x2 + x + 1)5k(x4 + x3 + x2 + x + 1)k, which has at most 7

distinct roots in its splitting field. From Theorem 3.1, we get

∑
i=0,1,3,4,
j=0,k>0

|∑
x

AiBjCk| ≤ 4× 5× 6
√

q = 120
√

q.

Suppose j > 0. If k = 0, g(x) = xi+4j(x2 + x + 1)j(x2− x + 1)j, which has at most 5 distinct

roots in its splitting field. From Theorem 3.1, we get

∑
i=0,1,3,4,
j>0,k=0

|∑
x

AiBjCk| ≤ 4× 5× 4
√

q = 80
√

q.

If k > 0, g(x) contains at most 9 distinct roots in its splitting field. This gives

∑
i=0,1,3,4,
j>0,k>0

|∑
x

AiBjCk| ≤ 4× 5× 5× 8
√

q = 800
√

q.

We further get

|S| ≥ q − ∑

i+j+k>0

|∑
x

AiBjCk| ≥ q − 1000
√

q.

If q − 1000
√

q > 1 + 76
√

3, then there is an x in GF(q) so that our vector is a V (6, t). It

holds whenever q > 1000266.

Theorem 4.1 All V (6, t)’s exist for 6t + 1 a prime power, t is odd and t ≥ 5.

Proof. The above discussion proves that they exist for prime powers 6t + 1 ≥ 1000266. The

Colbourn [2] tables show they exist for 6t + 1 a prime power where 31 ≤ 6t + 1 ≤ 5000.

Finally we ran a program to find an element b in GF(q) such that (∼, 0, 1, 1 + b, 1 + b +

b2, · · · , 1+ b+ b2 + b3 + b4 + b5) is a V (6, t) for 6t+1 a prime where 5000 ≤ 5t+1 ≤ 1000266.

For prime powers q in this interval, there are 7 cases to be considered. We list q, b and the

irreducible polynomials in Table 2.
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q b irreducible polynomial
193 2α + 12 α3 + α + 4
313 α + 23 α3 + α + 14
433 α + 10 α3 + α + 14
673 α + 20 α3 + α + 6
793 α + 27 α3 + α + 9
75 2α2 + 4 α5 + α + 4
77 6α + 5 α7 + α + 9

Table 2

5 Conclusion

We have shown the spectrum for V (m, t)’s for m = 3, 4, 5, 6. Along with Colbourn’s [2]

tables this leads us to make two conjectures.

Conjecture 5.1 If m and t are not both even, all V (m, t)’s exist for mt + 1 a prime power

if t > m + α, where α is a small positive constant.

Because no V (3, 5) exists, α ≥ 2 if the conjecture is true. The best known result is

Wilson’s [12] which has α = m(m
2 ). If our result could be generalized we would get α = mO(m).

The preceeding conjecture is probably quite difficult to prove. However the following related

conjecture may be much easier to prove.

Conjecture 5.2 No V (m, t) exists for mt + 1 a prime power if t < m− 1.

The conjecture is easy to prove for t = 1 but all other negative results were obtained by

exhaustive searching. But we feel that there may be a nice number theoretic proof for this

problem.
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